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(a) recordedframe (b) reconstructedlisplacementeld

Fig. 2. Particle Image Velocimetry (PIV): (a) Detail of an image frame
recordedin a real uid experiment (see Sect. IV-D), shawving particles
(polyglycol diluted in water)in anair ow. Theimageis 100px 100px in
size,correspondingo 7:5mm  7:5mmin theilluminatedplane.Theparticles
have adiameterof lessthan10 umi.e. lessthanapixel in the projection,which
preventsthe applicationof standardiifferentialoptical o w techniquesimage
noiselevel is high. (b) Exampleof a reconstructedlisplacementeld. Each
arrov describeghe motion vector estimatedat its origin.
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Fig. 3. Estimateddisplacementeld in a real turbulent PIV experiment
(arrawvs) andsomeof the adaptedcorrelationwindows (representety ellipse-
shapedevel contours) For eachmeasurementur approactbalancesheerror
causedby a high amountof imagenoise comparedo the supportingregion,
andviolation of the assumptionthatthe o w is constantwithin the window,
suchasin the upperleft region, wherehigh gradientsdominate.ln contrast,

windows canbe chosenlargerin homogeneousegions(right). This spatially-
dependentdaptvity of windows emegesfrom our variationalapproach.

Variationalapproached®asedon the linearisal optical o w
constraintoriginatingfrom thework of HornandSchunci4],
have also beenappliedto measuremotion in PIV [5]. The
densevector eld representatiorallows to incorporateprior
knowledge on the vector eld, such as incompressibility
seee.g. [6], [7]- However, the implied brightnessconstang
assumptioroftendoesnot holdin real PIV datawhichis taken
into accountin [8] by modifying the dataterm.

In [9], cross-correlationis consideredas one of three
similarity measurementbetweenimage pairs. Basedon this
and additional spatial regularisation,a variational approach
for image registrationis formulatedand solved using partial
differential equations.

The two-scaleapproachin [10] combinesthe advantagef

IEEE TRANSACTIONS ON IMAGE PROCESSING

optical ow basedmethodsand cross-correlationan optical
ow approachwith physically sound regularisation terms,
which penaliselarge variationsin the rotationand divergence
of the o w, is endavedwith anadditionaldataterm. Similarity
to a coarsevector eld originating from a local correlation
approachis enforced.The displacementeld estimatedusing
cross-correlations usedto initialise a variationaloptical o w
approachin [11]. For a comprehensie synopsison variational
methodsfor uid o w measurementve referto [12].

Much effort hasbeenput into improving the spatialresolu-
tion of cross-correlatiormethods[13], [14] by replacingthe
x edsquarenterrogationwindows by appropriatelternatves.
The authorsof [15] investigate a classof cone-shapedeight-
ing functionsand optimisethe shapeparameterdy meansof
the frequeng-responsehowever not with respecto a speci c
image data set. In [16], [17] the size of squarewindows is
locally adaptedto the signal quality and spatial uctuations
in the ow. Window adaptationis usedin [18] at interfaces
to x ed objectsin the scene.The authorsof [19] proposea
criterion basedon the ow gradientsand image quality to
selectthe optimal shapeof an elliptical window. In [20] a
Gaussianweighting function is stretchedand rotated along
the measuredneandisplacementGaussianveightsare used
bothin alocal [21] andglobal context [22] for smoothingthe
optical ow constraint,however with isotropic windows of
x ed sizecommonfor all positions.In our work, the correla-
tion window is alsodescribedby a “soft” Gaussiarweighting
function. However, we formulate a sound criterion for the
location-dependenthoice of the window shapeparameters
by meansof an error modelfunction. The window adaptation
consistsof nding the window shapewhich minimisesthe
predictedmeasuremengrror.

Our contribution is a variational formulation for a
correlation-base@pproachfor measuringmotion in PIV im-
agepairs. A Gaussianweighting function controlsthe image
region consideredn the displacemengstimation. The shape
of the window is controlled by meansof a function which
approximateghe expectedmeasuremenérror. Minimisation
leadsto the optimal window shapewith respectto this error
model.Displacementneasuremerandwindow adaptatiorare
formulatedasa pair of interdependentptimisationproblems.
It is solved via a multiscalegradient-basealgorithm.

This work summarisesand extendsthe resultsin [23]. An
abridged version was publishedin [24] with the focus on
image processingln [25] we investigate our approachfrom
the applied uid mechanicgoint of view.

C. Organisation

In Sect.ll we formulateour approacho adaptve uid ow
measuremerdasa continuousoptimisationproblem.Sectionlll
details on the discretisationand the emplo/ed optimisation
method.We verify bothin the experimentalsection(Sect.lV)
andconcludein Sect.V.

II. APPROACH

A. ProblemDe nition

Given a pair of images,g;; g2, de ned on the image do-
main R?, we areinterestedn avector eld u: 7! R?






on the window size by de ning the constraintset S
2S2, inl max| .| denotegheidentity ma-
trix of appropriatesizeandS T indicatespositive semi-
de nitenessof T S for symmetricmatricesS; T.
The error model function E( ;u;x) is composedof the
following two terms:

a) HomayeneityTerm: The rst part of the objectie (9)
describeghe error causedby the violation of the assumption
that the obsened motion within the chosenwindow is homo-
geneous:

z
Ehomog ( +U;X):= sz(y x; ) e(xy;u)dy  (10)
vy KUy u(Oks ify 2

B0 y;u): ¢ Utside otherwise (1)

The function e(x; y; u) measuregshe squaredEuclideandis-
tance of u(y) to the displacementn the point of interest,
u(x), while aconstanerrorvalueis assumedor usingregions
outsidethe imagedomain . The errorsare weightedby the
window function which is parameterisedy

b) Noise Term: The secondterm in (9) describesthe
impact of image sensornoise and unpairedparticleson the
accurayg. We de ne it as

2
2 Vet
where is a parametewhich describeghe imagenoiselevel.
Intuitively spolen, this term describeghe expgctationthatthe
errﬁrreduceswhenthe measuremensupport, w(x; ) dx =
2 det increasedor larger windows . A more detailed
derivation of this term canbe found in the Appendix.

c) Global Window Adaptation: Finally, we extend the
local window estimationto

Enoise( ): (12)

z

E( (x);u;x)dx;

mzlg E( ;u) withE( ;u):=
which optimisesthe window shapegglobally in termsof the
matrix-valuedfunction 2 S.

D. Joint Appmoach

In Sect.ll-B we introduceda motion estimationapproach
and presumedhat the window parametersre given. In con-
trast,in Sect.ll-C we x ed a displacementeld and adapted
the correlationwindows to it. We describethis chicken-and-
egg-dependencas a mathematicallytractableproblem:

u 2argmin C(u; ) and 2 argmin E( ;u ) (13)
u2u 25
The two optimisation problems have non-linear and non-
corvex objective functions each, are interconnectedhrough
the variables  andu , andthushave to be solved jointly.
Note,thatC(u; ) isonly minimisedwith respecto u, but
not , asthewindow shapesshouldonly be steeredby the
error modelfunction and not by the correlationmeasurement.
If imagedatashouldbe consideredn the window choice,an

additionalterm shouldbe incorporatednto E( ;u ).
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I11. DISCRETISATION AND OPTIMISATION

A numberof carefully chosenapproximationsand relax-
ations were applied to make the optimisation problem (13)
tractable.

A. Discretisation

The functionsu and  arediscretisedcomponent-wisen
a regular grid Xy with spacingay at coordinatesx;j 2 Xy .
Furthermorewe de ne u; := u(x;) and ; := (X;). Using
nite elementswith piecaviselinearbasisfunctions' j(x), we
approximatethe functionsas
X

u(x) and () LX)

XiZXV

"i(X)Ui
Xi2Xvy
Notethatit is possibleto extendthe methodto arbitrarygrids,
e.g. irregular onesthat adaptto the seedingdensity asit is
usedin [26]. The integralsin C and E are also discretised
usingthe introduced nite elements:

X
C(u; ) L) dx C(uis iixi)
Xi)%XV Z
E( ;u) i) AXE( iu;xi)
XiZXV
Note that A; := " i(x) dx evaluatesto a3 almostevery-

where.Thenestedntegralsin C(u;
are discretisedaccordingly

For windows of reasonablsizethe functionw(x; ) incor
poratedin both termsweightsonly few termswith consider
ableimpact.In orderto reducecomputationakffort, we limit
evaluationto a boundingbox which containsall y 2 , such
thatw(y x;) 10 3.

The image datag;, g is given on a regular grid with a
spacingtypically smallerthanay . They aretransferrednto a
cubic spline representatiomwith all valuesoutsidethe image
domainde ned to be zero.Using an ef cient implementation
basedon [27], it is possibleto evaluatethe function valueg;,
its gradientr g; andsecondderivativesH g .

7 X) andEhomog( U X)

B. Optimisation

1) Barrier Function; The constraints 2 S areincorpo-
ratedinto the enegy function using logarithmic barriers,

Bs() min ) + logdet( max| )

The penaltyweightis := 10 ? throughoutthe work. Then
we minimise Es( ;u;x) = E( ;u;x) + Bs() instead
of (9), whichis — upto the symmetryof ——anunconstrained
problem.

2) Single Scale Optimisation: A major simpli cation of
the problemis to replaceboth minimality objectives by the
stationaryconditions

ru C(u;
andr  E(

(log det(

)=0
;u)=10

8xj 2 Xy
8X; 2 Xy :

(14a)
(14b)

A Newton stepwith respectto all displacementnd window
shapevariablesis emplojedto nd asetof 2 Sandu2 U
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that satisfy theseconditions. It is extendedby a line search
methodto avoid local maximaand saddlepoints.
Note, that althougheachequality constraintin (14a)-(14b)

is a nonlinearand non-cotvex functionin bothu and , they
strongly simplify to

ro,Cu; )=r 4y, AiC(u;; i5xi)=0 8xj 2 Xy
andr E( ;u)=r AE( ;u;xj))=0 8xi 2 Xy :

Thus,the displacementsanbe updatedndependenthof each
other which is a consequencef the fact that we did not
add a spatialregularisationterm on u. In the sameway, the
re nementof the window shapeparameterss independentn
the coordinatesThe optimisationloop canbe summariseds:
procedure SINGLESCALESOLUTION(U® , @)
k 1
repeat
for all x; 2 Xy do

u**Y VARIABLEUPDATE(C(u; ):ui;(u®); (¥)))
(1) VARIABLEUPDATE(E( ;u); i;( ®;u))

end for

k k+1

until stoppingcriterion ful lled
return (- (0 u(k)
end procedure
An upper bound on the changeof the variablesis usedas
stoppingcriterion. The function VARIABLEUPDATE improves
the solution xo with respectto f by updatinga subsetof
variablesy.
procedure VARIABLEUPDATE(f ,y,Xo)
g ryf(xo),H Hyf(xo) . gradient,Hessian
y (H+ 1) g . Newton stepdirectionw.r.t. y

max s X Xo
while min do . line search
X jy xojy + y . updateonly variablesy
if f(x )< f(Xp) then
return x . updatesuccessful
end if
end while
return Xq . updatefailed

end procedure

The parametersvere chosenconseratively:
max =1 103, =10 tand = 100
3) Multiscale Optimisation: As indicated by Fig. 4, the

problem has mary local minima which we intend to cir-
cumnaigate by wrappinga multiscaleframeavork aroundthe
optimisationloop. To this end,we representhe problemat the
original as well as a couple of coarserresolutions.The grid
spacings(data and variable) enlage by factors > 1 when
descendingone level. E.g. for a 5-level dyadic pyramid, we
have s = 2 andwe denotethe resolutionscales— from nest
to coarsest asf 1; 2; 4; 8; 16g.

The multiscaleframewnork rst recursvely transfersimage
andinitial variablevaluesfrom the nest to the coarsestevel.
Then at eachresolutionthe estimatedsolution of the next
coarserlevel act as initialisation for the variable re nement
in SINGLESCALESOLUTION.

min = 10 9,

Displacementvariablesare re-sampledto ner or coarser
grids using cubic splineinterpolation.A small binomial low-
pass lter is usedto avoid aliasing while down-sampling.
The multiscaleimagerepresentationis createdwith the same
technique. The re-sampling processof the window shape
parametelis slightly more comple, asthe constraint 2 S
has to be consered. However, simple component-wisebi-
linearinterpolationguaranteethatthere-sampledralueliesin
the corvex hull of the interpolatedvalues,andthusin S. The
sameargumentholds for applying low-pass Iters aslong as
their coefcients add up to one,suchasit is the casefor the
employed binomial Iters before down-sampling.Given the
image dataand (a possibly zero) initial solution, the overall
optimisationcan be summariseds:

procedure MULTISCALESOLUTION(gE ! g5 uttl, )

for I = 2;3;:::;lmax do ne to coarse
creategi“] by dozvnsamplinggi[I l], fori 2 f1;2g
createull and [l by down-samplingul’ ¥ and [ 1
end for

for I = Imax;lmax 1;:::;2do . coarseto ne
(ull; 0y siNngLEscALESoLuTion(ulll; [)
createul! ¥ and ' U by up-samplingul! and [
end for

(uitl; ) siINGLESCALESOLUTION(ul; 1)

return (ul, )
end procedure
Furtherdetailson the implementationcan be found in [23].

IV. EXPERIMENTS

In our experimentswe investicgated the basic propertiesof
the window adaptation(Sect.IV-A, 1IV-B), and evaluatedthe
joint approachwith synthetichenchmarkdata(Sect.IV-C) as
well asreal-world data(Sect.IV-D).

The proposedmethodswas implementedmostly in MAT-
LAB. Geometricpropertiesof awindow , suchasradius,re-
fer to the level contourfx 2 R?jw(x; ) = exp( 1)g, which
is alsousedfor visualisationNo additionaldisplacementters
(e.g.vector median)were applied.

A. Window AdaptationStrategies

The following experimentswere designedto estimate the
potentialof the proposederror modelto improve the accurag
of the variationalcorrelationmethod.As we wantto concen-
trateonthe suitability of errormodelfunction andnotonerrors
causedy thecontinuousoptimisationprocessye simplify the
methodasfollows: in orderto avoid sub-optimalocal minima,
the optimisationof the correlationis initialised by the ground
truth displacementFor the samereasonwe do not adaptthe
window continuouslybut evaluatethe deviation from ground
truth for 975 window shapesusing (8) with varying radiusr,
orientation andanisotroy a,

8 n ° 9
3 r2 2t i2f 4 3l0g ;3
5;:3(r;a; ) a2 1 27 i2f0;1::::8g ; 3

2 i

g 1210179
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Fig. 6. Syntheticvector eld, PIV-Challeng 2005 CaseA4: (a) vertical

displacementomponent-3px (black) to +3px (white) upwards),a detailed
view of the highlighted region is given in (b); (c) plot of the vertical

componenbf the displacementsommonfor both datasets,Sinusoids and

Sinusoidsll. The vector eld has a zero horizontal component,while the

vertical components piecevise describedby sine functionswith decreasing
wavelength (400 to 20px) and varying amplitude (around2 px). While the

rst datasetcontainsno imagedistortions,3% pixel noiseand 20% unpaired
particleswere addedto the secondone.

Thecorrelationmethodwasappliedto 160locationsX
in two synthetic data setswith motion gradientsof varying
degree.Both have a commonmotion pattern,which is illus-
tratedin Fig. 6, but differ in the amountof imagedistortions.
Thedeviation of the estimateddisplacementrom groundtruth
at position x 2 X usingthe (x ed) window shape 2 S
is then measureddy their Euclideandistanceand is denoted
by "(x; ) .

We consideredour adaptationapproachas one of three
stratgyies(indexed by i 2 f 1; 2; 3g) which choosethe window
shape (x) from the setS for a position x. Their perfor
marig:els comparedon the basis of the meanerror ; :=
jX] wox (X i(X)). Thethreestratgiesarein detail:

Strategy 1 (Oracle): This hypotheticalstrateyy “magicaly”
knows the values"(x; ) a priori and canalways choosethe
optimal window:

1&%=am@g%m)

Thus,the meanerror of this strateyy, denotedas , provides
a lower boundfor all stratgyies underthis conditions.

Strategy 2 (Error Model): The secondstratey represents
the proposedwindow adaptationmethod.For eachposition,
thewindow shapds chosersuchthatit is optimalwith respect
to the de ned error model function:

2(x) == argmin E( ;u;x)

This optimisation problemis solved by enumeratingall el-
ementsof S. Furthermore,the ground truth vector eld is
usedfor u to excludein uencescauseddy inaccuraciesn the
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displacemengstimation.The meanerror is denotedas ,( )
and dependon the choiceof , while the parameteeyyisige
was setto zero.

Strategy 3 (Fixed Radius): A naive stratgy is to choose
the window radiusr a priori and uniformly for all position.

3(x) == (r;0,0)

The associatedjuality measuremenis denotedby 3(r).

For the latter two stratgies we also de ne and r
which minimise the correspondingmean errors and de ne
thesevaluesas ,:= ,( ) and ;:= 3(r ), respectiely.

Figure 7 visualisesand lists the results. For both data
sets,error rate improves by approximately50% comparedto
the x ed-radiusstratgy if window adaptationbasedon the
proposederror modelis used.Furthermorethe meanerror
is lesssensibleto the choice of the parameter thanto the
window radiusr.

B. SyntheticVector Fields

For arbitrary vector elds, the optimal window shapewith
respectto the proposederror model canform complec struc-
tures.To demonstratéhe behaiour of the window adaptation
methods,we investicate a couple of simple syntheticvector
elds. Only windows wereupdatedwhile displacementsvere
kept x ed after initialisation. If not mentionedotherwise,in
all experimentsthe initial window radius was 5, the upper
radiuslimit wasrmax = 6 pixels (px), andno lower limit was
imposed.Furthermorewe chose = 1 andegyysige = O.

Figure 8 illustratesthe adaptedwindows in the presence
of anafne ow, i.e. whenu(x) canbe written as an afne
function in x. If thereare no further in uences (suchasthe
boundarytermsin (b)), the resulting shapesonly dependon
the Jacobianof u, more preciselyon its outer product.

In transition zones e.g. where ows of different direc-
tion meet, x ed windows are disadwantageousbecausehey
smoothover high velocity gradientsandthuswipe out details.
Thus,we investigatethis situationin four simpli ed scenarios.
It becomesclear that the window adaptationis invariant
againsta congant offset (Fig. 9avs. 9b) androtation (Fig. 9a
vs. 9c¢) of the vector eld, but only dependsn the orientation
of the gradient.The sinusoid-shapegector eld in Fig. 9cis
motivatedby the datasetintroducedin Fig. 6.

Finally, we investigate scenarioswith sharp motion bound-
aries where it is of greatimportancefor the measurement
accurag thatthe window adaptatiorprocesgespectghe ow
discontinuities. The experimentsin Fig. 10 combine round
and squareshapedoundarieswith constantand af ne vector
elds. In ary case,the adaptedwindonv shapesrespectthe
boundariesvell.

C. SyntheticPIV Bendimark Data Set

The data set shawvn in Fig. 6 and alreadyinvestigated in
Sect.IV-A was createdfor the PIV Challenge 2005 and used
to evaluatethe spatialresolutionof 19 PIV algorithms.

First experimentsshaved that it is essentialto have a
goodinitialisation for the proposecadaptve approachTo this
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(a) Sinusoidl: x edradius (b) Sinusoidl: error model
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1 5} _ _ _oracle: ni 0.8F __ _oracle: m

i error model: r@ fixed radius: m,

mean error m
=
*

mean error m

0.5f +

12 4 8 16 32
fixed window radius r error model parameter s

(c) Sinusoidll: x ed radius (d) Sinusoidll: error model

Fig. 7. Comparisorof window selectionstratgies: meanerror of the x edradius(dottedline), oracle(dashedine) andthe error modelbasedstratey (solid
line). (a) Resultsfor Sinusoidd, comparingthe x edradius 3(r) stratgy for varying radii to the bestvaluesof the alternatve stratgies. (b) Sameas (a),
but for the error model stratgly and varying parameter . Bestresultsare ; = 0:00627, , = 0:0421 (for = 10)and ;= 0:0796 (r = 2). (c)-(d):
Sameas (a)-(b), but for the datasetSinusoidsll, with | = 0:0255, , = 0:109 (= 1077%), ;= 0:206 (r = 2572).

\ N

(a) constantvector eld (b) constantvector eld, adaptatiorto (c) afne vector eld with isotropic (d) afne vector eld with anisotropic
imageboundaries gradient gradient

=

Fig. 8. Syntheticdisplacementelds (arravs) andsomeof the adaptedwindows (ellipseg. Constant vector elds: (a) The window radii would approach
in nity dueto the lack of a gradient,but is limited by the constraintr 6. (b) The windows are additionally constrainedto adaptto the boundariesof
the imagedomainby settingeyusige = 10. Afne vector elds: (c) Rotational eld with isotropic gradientsleadsto round windows. (d) Vector eld with
anisotropicgradientsleadsto ellipse-shapedavindows.

endwe rst estimateda roughdisplacementeld using x ed recover the overall structurebut smooth over small details.
windows andthen procesghe datawith window adaptation. In view of the following processingstep,we favour a rough
For the caseSinusoids| the initial vector eld wagcalcu- reconstructionover a more detailedbut de nitely noisy one
latedwith 5 multiscalelevels, usinga scalingfactorof = 2and Which can be achieved using smaller windows. With the
roundwindows with radius6. Theadaptve approactusedonly ~Window adaptatiorenabledgventhe structuresat the smallest
3 multiscalelevels. We set = eyusize = 20, andconstrained Scalecan be reconstructedwvell up to few outliers, as win-
the windows radii to the range2 to 40px. dows align perpendiculato the velocity gradientsand along
The resultsin Fig. 6 demonstratehat x ed windows can regions of homogeneousnotion. Additional disturbancean
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Fig. 9. Syntheticdisplacement elds (arrovs) andsomeof the adaptedwindows (ellipses).Constantvector elds (upper and lower region) enclosea
transitionzone (middle). Af ne transition zone: Identical window shapedor differentvector elds: (a) displacemengradientsperpendiculato the ow,
(b) superimposedby a constanteld, and(c) gradientsparallelto o w. Sinusoid: (d) Transitionzoneis sinus-shaped0; ]). The adaptationschemealigns
the windows perpendiculato the displacemengradientand reduceshe size along the transitiondirectionto avoid smoothingout the boundary
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Fig. 10. Syntheticdisplacementelds and someof the adaptedwindows (ellipses),with sharpdiscontinuitiesbetweenthe inner and outer motion regions.
Constant ows: Constanto w (red) interruptedby a zero o w (blue) with (a) squareand (b) roundinner region. Rotational (af ne) ows: Two contrarily
rotating (afne) o ws with (a) squareand (b) round inner region. The adaptationschemereducesthe window sizesnearthe region boundariesto avoid

smoothingover motion discontinuities.

be obsenednearthe upperandlowerimageboundarieswhere
windows are extremely compressed.

Additive imagenoiseandunpairedparticlesin combination
with the small structuresrendersthe data set Sinusoidsl|
a challengefor ary motion measuremenalgorithm. Again
we estimateda coarsedescriptionusing x ed windows (ra-
dius 8px). Initialised by this result, we run the adaptie
approachwith the sameparametersas for the previous data
set,but doubled anddid not usemultiscalecalculation.

Figure12visualisegheresultingdisplacementandadapted
windows. Justasfor Sinusoidsl, the x ed-windav approach
canonly capturethe roughmotionstructuresput thefollowing
adaptve approactcomplementshe detals evenfor the small-
est wavelength.However, more outliers than for Sinusoidsl
canbeobsened,wherealsothe adaptedvindows deviate from
their expectedvertical alignment.

Finally, we compareour resultsfor Sinusoidsll to 19 ap-
proachesfor ow measurementwhich were describedand
benchmarkd in [28]. For this purpog we evaluated our
methodwith the samecriterion, which is de ned asfollows:
for each sinusoid wavelength , we gained a motion pro-
le u (x) by averagingthe displacemerst along the vertical

axis. Stripesof 10 px at the upperand lower boundarywere
excludedbefore. Then using the groundtruth pro le u , the
amplituderatio was calculatedas

R+:4
_,u (x)dx_

+ =4

A() = :
_, U (x)dx

The characteristiccurve was accuratelyincluded into a
copy of the comparisonplots of the evaluation paperand is
presentedn Fig. 13. Especiallyat the lowestwavelength,cor
respondingo the smalleststructuresin the data,our adaptve
approactoutperformanostof the competingmplementations.

D. Real Turbulent ExperimentalData

Finally, we apply the proposedapproachto real PIV data,
provided by JohanCarlier in [29] and available at [30]. The
experimentdescribeghe turbulent o w behinda glinder. We
chosethe image pair number 600 of the data set, recorded
with a time differenceof 200 s. Each has a resolution of
1280px 1024px and dynamicsof 12bit. In Fig. 2aadetailed
view of the image data atteststhe low image quality. An
overvien over the ow is presentedin Fig. 14. As in the



BECKERetal.: VARIATIONAL ADAPTIVE CORRELATION METHOD FOR FLOW ESTIMATION 9

vertical displacement

900
horizontal position

400 600 800 1000
horizontal position

0 200 1000 800

Fig. 11. Syntheticvector eld, PIV-Challeng 2005 CaseA4, Sinusoidsl

(no image distortions), full and detailed view of the estimatedvertical
displacementomponentcolour mapidenticalto Fig. 6): Row 1: Variational
correlationwith x edwindows (r = 6) canonly resole thegeneralstructures
but smoothesover details.Row 2: Using the previous resultasinitialisation,
joint correlationand window adapétion ( = 20) cansigni cantly improve

the accurag even for the smalleststructures.Row 3: statistics(along the
completeverticalaxis, but 10 pxexcludedat the upperandlower boundary)of

theresultsin row 2: meandisplacementthick line), rangeof  onestandard
deviation (shadedgray) and groundtruth (thinline, cf. Fig. 6¢). Row 4: The
adaptedwindows align perpendiculato the velocity gradient.

previousexperimentswe calculateda coarsevector eld using
x ed windows (r 30) on the scalesf 1; 2; 4; 8; 16; 32g,

seeFig. 15a. Initialised by this result,the adaptie approach
delivers a more detailedestimation(Fig. 15b). The windows

were constrainedto r 2 [3;50], and was chosenas 100.

Only the nest scalewasused.

Lacking ground truth data, we employ a vector eld cal-
culatedby the Lavision (http://wwwlavision.de/en/}compary
usingtheir PIV-softwareDavis asreferencgFig. 15c).Our ap-
proachsmootheghe displacements regionsof homogeneous
motion, while the referencesolution exhibits somenoise. In
turbulentregions,however, the windows areadaptedsuchthat
gradientsin the vector eld are prevailed.

In orderto separateeffects of the window adaptationfrom
the in uence of initialisation, we rerun the adaptie method
with the same parameterbut initialised with the reference
solution. The resultin Fig. 15d shavs the same properties
asdiscussedor the onein Fig. 15b. Furthermorethe coarse

vertical displacement

400 600 800 1000
horizontal position

0 200 1000 800 900

horizontal position

Fig. 12. Syntheticvector eld, PIV-Challeng 2005 CaseA4, Sinusoiddl
(with additive image noise and unpairedparticles), full and detailed view
of the estimatedvertical displacementtomponent(colour map identical to
Fig. 6): Row 1: The high amountof imagenoisenecessitatekarge windows
(r = 8) for theapproachbasedon x edwindows. Thus,detailsare smoothed
out, but the generalstructurescan be resohed. Row 2: Using the previous
resultasinitialisation, joint correlationandwindow adaptation( = 40) can
signi cantly improve the accurag even for the smalleststructureshowever
interruptedby local outliers. Row 3: statistics(along the completevertical
axis, but 10 px excluded at the upperand lower boundary)of the resultsin
row 2: meandisplacementthick line), rangeof  one standarddeviation
(shadedgray) and groundtruth (thinline, cf. Fig. 6c), Row 4: The windows
align perpendiculato the gradientwith exceptionof the vicinity of outliers.

structure is almost identical in all three solutions, which
suggestsheir correctnessand shawvs the robustnessof our
approachwith respectto local optima.

Finally, Fig. 14 marks the location of three regions for
which we give detailed views of the vector eld together
with some of the adaptedwindows. Figure 3 demonstrates
how windows sizesreducein vicinity of a vortex compared
to a homogeneousegion. The ability to continuouslycontrol
the window orientationis bene cial, for example aroundthe
vortex in Fig. 16a. As already demonstratedn Fig. 9, the
windows do not necessarilyalign with the direction of the
o w, but with its gradientasin Fig. 16b.

V. CONCLUSION

An adaptve approachto measuremotion in PIV image
datawas presentedlt is basedon the correlationsimilarity
measurewhich has preen to be robust also for noisy data.



10

—%— our approach

Fig. 13.

IEEE TRANSACTIONS ON IMAGE PROCESSING

P

—¥— our approach

Syntheticvector eld, PIV-Challeng 2005 CaseA4, region Sinusoidsll: Part 1 and 2 of the comparisonof the amplituderesponsedepending

on the structurewavelength . We included the measuremenof our experimentsinto the plot hard-copiedfrom [28, Fig. 21a] (we redrav the numbers
of the horizontalaxis for betterreadability)where19 o w measuremenimplementationsvere compared Most approachesise cross-correlatiorwhile the
methodslabelledby CLIPS-8and CEMAGREF-16are basedon optical ow. ESland -PTV are particle tracking velocimetrymethods.For a descriptionof
the competingapproachesve refer to [28]. Our approachoutperformsmost of the otherimplementationsespeciallythe accurag for very small structures

wasimproved by using adaptve windows.

\
A

Fig. 14. Real2D PIV experiment:Overview over the uid o w, determined
by our adaptve correlationmethod.A meanvector eld of about12 px to the
right wassubtractedeverywhere. The rectanglesnark the location of detailed
views in — from left to right — Fig. 3, 16a and16b.

In contrastto classicalmethodswhich usea discretesearcho
nd the optimal displacementye formulateit asa variational
problem and use continuousoptimisation methods.Further
more,we employ Gaussian-shapeageightingfunctionswhose
shapecan be continuouslycontrolled and proposea sound
adaptationcriterion which is basedon an error model. Both
the displacementmeasuremerdandthe window adaptatiorare
formulatedastwo interdependenpptimisationproblems.

In our experimentswe demonstratedhe ability of the error
model to improve the measurementiccurag and demon-
strated the basic behaiour of the adaptationmethod. We
applied our approachto a synthetic PIV benchmarkdata
setand outperformedmost of 19 implementationsf motion
estimators Finally we shaved, that our approachis capable
of handling noisy image data from a real experiment. The
window adaptationmproves the reconstructedrector eld in

both homogeneousand turbulent regions.

Furtherwork includesto improve the error modelfunction,
e.g.to incorporatespatialvarying in uences (seedingdensity
image noise level) and further expert knowledge. Regular
isation terms could be addedto the motion estimation to
incorporateprior knowledge, e.g. non-compressibilityon the
obsened physical process.

APPENDIX
DERIVATION OF THE NOISE TERM

The term Epise() in (9) describesthe impact of image
sensor noise and unpaired particles on the accurag. For
this purposewe assumethat the measuremenin x is a
least-squaredolution 0t of independenmeasurements(y),
weightedwith the samewindow function asthe oneuseddur
ing correlation.For simplicity, and without loss of generality
we assumethat the estimation is centredin x = 0. Further
more,hereweassurréeanunbounded/ariabledomain = R?,

0 :=arg min w(y; ) ku u(y)k3dy
u2R2 R2

Z
: d
_ RRW(VVV(;‘;({LV: G iumdy ()
re WY, :

The noise term should only describethe in uence of dis-
turbancesin the image data, but not the error caugd by
inhomogeneousnotion. Thus, we assumesachmeasurement
to bedistributedaroundthetruedisplacementi , but disturbed
by additve Gaussiannoise,i.e. u(y) N u ;%I . The
constant is the relative expectederror with respectto the
size of the domainA on which a single estimationis based
on. Thenwe de ne the noiseterm to be the expectedsquare
deviation of (15) from the true solution:

Enoise( )::

It is possibleto derive aclosedform expressionfor this term.
To this end we representhe integral in (15) over an in nite

E ko u ks (16)
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(a) correlationonly

(b) with window adaptationjnitialised by (a)

(c) referencesolution

(d) with window adaptationjnitialised by (c)

Fig. 15. Real2D PIV experiment,Left: horizontalcomponenbf the mea-
sureddisplacementgscale:8 px (black) to 16 px (white) to the right), Right:
vertical componen{(-4 px (black)to +4 px (white) upwards):(a) Our approach
with x ed windows requiresa large support(r = 30) to copewith the low
imagequality andthussmootheut ne structures(b) Combinedcorrelation
and window adaptation( = 100), initialised by (a). In comparisonto (c)
the solution obtainedby a commercialcorrelationsoftware (Lavision Davis),
our approachpreseres detailsin turbulent regions (middle) and at the same
time reducessmall disturbancesn homogeneousegions (upper and lower
boundary) by adaptingwindows accordingly (d) Initialising our approach
with (c) (andusingthe sameparameterasin (b)) shavs the robustnesswith
respectto local minima.

domainasa Riemannintegral,

0= lim
jAjIL

i 0o

which is the limit of the Riemannsums,. For simplicity,
we assumea squareA which is decomposednto N, := n?
regionsof equalsizejA,ij = JAj=N,,. Samplecoordinatesare

chosenasyy 2 Ayi. Thenwe cande ne

Xn Ko
Oy = JARJG( syni)ulyni) = Whi U(Yni )
i=1 i=1
with wpi = jALjG( ;Yni). In this formulaion, the esti-
mateddisplacement}, is a linear combinationof normally
distributed variablesand thusis normally distributed as well,

i.e.0y N ( n;Sn) with:
Xn Nn . .
n :=Ef0hg=  wpyu =u JARIG( 5 yni)
i=1 i=1
X , 2
s, :=E (0 0 > = ws —|
n ( n n)( n n) - ni JAniJ
Wn

G( 5yni)?iAn]
i=1
Using G( ;x)2: (2 P det(2)) G % ;X (seee.g.,[31,

eqg. (348)]) we obtain
!

2 Xeo 1 o
Sh 24974 Jot | G E sYni JAni]

i=1
We assumethat for large n the distribution of 0, describes
thedistributionad N 2 * well. Passingthe limit, we get
the expectedresultfor the mean,

A =

= lim
jAjIL

lim
jAjIL

nI!|lrn n=u AG( y)dy=u ;
and— more importantly — the variance
A

2
A . . . 1
= | = —p——I | G - ; d
i o T PGt Ao 2 Y
2
= —p—l
4 det
Thenthe de nition (16) simpli es to (using[31, eq. (357)])
2
Enoise()= E kO ukd =tr"= —p——
2 det

The noiselevel is the only parameteffor this term.
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