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Abstract

This paper introduces the sigma flow model for the prediction of structured labelings of data observed on
Riemannian manifolds, including Euclidean image domains as special case. The approach combines the Laplace-
Beltrami framework for image denoising and enhancement, introduced by Sochen, Kimmel and Malladi about
25 years ago, and the assignment flow approach introduced and studied by the authors.

The sigma flow arises as Riemannian gradient flow of generalized harmonic energies and thus is governed
by a nonlinear geometric PDE which determines a harmonic map from a closed Riemannian domain manifold to
a statistical manifold, equipped with the Fisher-Rao metric from information geometry. A specific ingredient of
the sigma flow is the mutual dependency of the Riemannian metric of the domain manifold on the evolving state.
This makes the approach amenable to machine learning in a specific way, by realizing this dependency through a
mapping with compact time-variant parametrization that can be learned from data. Proof of concept experiments
demonstrate the expressivity of the sigma flow model and prediction performance.

Structural similarities to transformer network architectures and networks generated by the geometric inte-
gration of sigma flows are pointed out, which highlights the connection to deep learning and, conversely, may
stimulate the use of geometric design principles for structured prediction in other areas of scientific machine
learning.
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1 Introduction

1.1 Overview, Motivation

Since its beginnings, imaging science has been employing a broad range of mathematical methods [Sch15], in-
cluding models based on partial differential equations (PDEs), variational methods, probabilistic graphical models
and differential geometry. In addition, since more than a decade, machine learning has become an integral part of
research in computer vision in order to deal with complex real-world scenarios. This trend continues, at a slower
rate, in the field of mathematical imaging where the quest for explainability in methodological research is more
emphasized than in computer vision. Naturally, this synergy between mathematical modeling and machine learn-
ing has been elaborated most, so far, in connection with the oldest class of problems of the field, image denoising
[EKV23].

The work presented in this paper has been motivated by three lines of research:

(1) The Laplace-Beltrami framework [SKM98] for low-level vision which introduced the mathematical frame-

work of harmonic maps [Jos17, Ch. 9]
f:M— N (1.1)

between two Riemannian manifolds (M, k) and (N, g), to the field of mathematical imaging and computer
vision. f is supposed to minimize the so-called harmonic energy, and the corresponding gradient flow defines
a geometric diffusion-type PDE. For the specific case N = R, this boils down to functions f: M — R
minimizing the corresponding Dirichlet integral, and specializing to functions f: S — N results in the
familiar geodesic equations as Euler-Lagrange equation.

In this sense, gradient flows corresponding to the general case (1.1) may be considered as generalized higher-
dimensional geodesics. Moreover, by making the Riemannian metric h of the domain manifold M dependent
on the evolving state, a broad range of PDE-based models, both established ones and our novel model, may
be devised in a systematic way, as shown in the present paper.

(2) Assignment flows [APSS17, Sch20] provide a framework for the analysis of metric data on graphs, including
image (feature) data on grid graphs as special case. The basic idea is to adopt products of statistical manifolds,
in the sense of information geometry [ANO0], as state space (N, g) equipped with the Fisher-Rao metric g,
and to model contextual inference by flows which emerge from geometric coupling of individual flows on
each factor space. Suitable parametrizations of these couplings are amenable to learning these parameters
from data, due to the inherent smoothness of the model. Assignment flows, therefore, may be considered as
‘neural ODEs’ from the viewpoint of machine learning.

The most basic instance of this framework concerns the product manifold of open probability simplices. The
resulting assignment flows perform labeling of metric data on graphs and may be represented as non-local
graph-PDEs [SBS23]. A continuous-domain formulation of a special case of assignment flows, on a flat
image domain M C RZ, was studied in [SS21].

(3) The use of geometric methods for representing both domains and data has become an active field of research
in machine learning as well [BBLT17]. This naturally motivates to consider the synergy between classical
methods and data-driven machine learning, beyond image denoising.

The goal of this paper is to combine these lines of research in order to extend the Laplace-Beltrami framework
(1) to an intrinsic approach for metric data labeling. This is achieved by choosing the target manifold (NN, g)
as the relative interior of the probability simplex equipped with Fisher-Rao metric (2). Like the assignment flow
approach, the resulting sigma flow approach is smooth and amenable to machine learning (3). Figure 1.1 illustrates
the leitmotiv of this paper.

‘Sigma flow’ reflects the similarity of our model, from the mathematical point of view, to sigma models of
mathematical physics — see Remark 3.2 on page 11 and, e.g., [HKK ™03, Ch. 8] and [Pol98, Sec. 3.7] for a general
discussion. This is not surprising since the original Laplace-Beltrami approach [SKM98] has been also motivated
by mathematical models of high-energy physics.
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Figure 1.1: Sigma flow model. Top-level sketch of the approach introduced in this paper. The approach combines
the assignment flow approach (Section 2) and the Laplace-Beltrami framework (Section 3) by choosing the interior
of the probability simplex, equipped with the Fisher-Rao metric g = g, as target manifold N. This naturally
extends nonlinear geometric diffusion to metric data labeling through the novel sigma flow model (Section 4).
Choosing the metric h of the domain manifold M as a function h; = O(&;) of the state &; whose evolution is
governed by the sigma flow, enables to represent a range of established models of PDE-based mathematical image

analysis (Sections 3.2 and 3.3). In particular, parametrizing the mapping O by a neural network enables to learn

. . . .. ¢ Ap dt
adaptive sigma flows from data. According to the two-stage parametrization &; — hy N (64, g, ht) f—>

G, of the tension field 7 that drives the sigma flow and is generated by the Laplace-Beltrami operator Ay, , low-
dimensional parameterizations of the mapping O already achieve strong adaptivity.

Harmonic maps between level surfaces of Hessian domains in the sense of [Shi07], and relative to the -
connections of information geometry [AN0O], were studied in [Uoh14]. While our target manifold (N, g) is a
Hessian manifold, the domain manifold (M, h), with a metric h learned from data, generally is not. The paper
[Uoh14] concludes: “It is an important problem to find applications of non-trivial harmonic maps relative to a-
connections.” The approach introduced in the present paper provides such an application using a more general
set-up.

1.2 Related Work

No attempt is made here to review the vast literature. We merely point out few prominent works in order to
contextualize our paper from the three different viewpoints outlined above.

1.2.1 PDE-Based Image and Multi-Dimensional Data Analysis

PDE-based image analysis has started with the seminal paper [AGLM93], which reports a fundamental study of
PDEs whose solutions provide meaningful multiscale transformations of the input data. Here ‘meaningful’ refers
to properties like locality, recursivity, causality (for time-variant data) and invariance with respect to various
transformations. This work still impacts current research. For example, continuous PDE-based formulations of
the basic operations of mathematical morphology (dilation, erosion) form the basis for state-of-the-art network
architectures that accomplish the equivariant detection of ‘thin structure’ and perceptual grouping in noisy 2D and
3D image data [SPBD23]. For further basic PDE models and the corresponding background, we refer to [Wei98].

Regarding image denoising, another line of research based on non-smooth convex functionals and using the
total variation (TV) functional as regularizer, has been initiated by [ROF92]. We refer to [BKP10, LRMU1S5,
DMSC16] for advanced generalized TV models and to [CCN15] for a survey. In this context, related variational
models for image labeling were studied [LS11, CCP12] which constitute convex relaxations of the combinatorial
image partitioning problem. From the viewpoint of contemporary research, the inherent non-smoothness of such
approaches constitutes a serious obstacle for enhancing model expressivity by parametrization and, in particular,
by learning parameter values from data.

A powerful class of approaches to binary image segmentation in terms of ‘diffusion and threshold’” dynamics
was initiated by [MBO94]. A survey of this line of research is provided in [vGGOB 14, BF16], where an extension
to graphs of the underlying Allen-Cahn equation, as L2-gradient of the Ginzburg-Landau functional, is studied. A



drawback of this approach, from our viewpoint, is the lack of a natural formulation of the image and graph data
labeling problem with multiple labels (non-binary segmentation).

A foundational paper for geometric PDE-based image analysis is the Beltrami flow introduced in [SKM98],
which minimizes an energy functional in terms of the embedding map of a given two-dimensional scalar- or vector-
valued image into an Euclidean space. This framework can be used to ‘geometrize’ the aforementioned classical
PDE-based approaches, like mean curvature motion induced by the total variation measure, Perona-Malik edge-
preserving nonlinear diffusion, etc., in order to achieve also image data enhancement, besides image denoising,
by representing images as manifolds in Euclidean feature spaces [KMSO00]. A continuous-domain geometric
perspective turned out to be essential also for interpreting graph-Laplacian based denoising schemes in [PC17].
The Laplace-Beltrami framework has been extended to generalized Laplacians on vector bundles in [Bat11] and
further generalized to equivariant nonlinear diffusion of vector valued data in [BS14], taking the SO(3)-action on
the HSL color space as a case study. Further examples of works which motivate PDEs from various geometric
viewpoints (sub-Riemannian geometry, homogeneous spaces) for data denoising, inpainting, enhancement and
thin structure detection, include [CFSS16, BCG118, SPSOD21].

Assignment flows [APSS17, Sch20] denote a class of approaches for the analysis of metric data on graphs and
for structured prediction. The basic idea, motivated by information geometry [ANOO], is to assign to each vertex an
elementary statistical manifold as state space equipped with the Fisher-Rao metric and to couple the corresponding
Riemannian ascent flows by means of a parametrized affinity function across the graph. Geometric integration of
the coupled continuous-time flow [ZSPS20] generates a network with layers indexed by the corresponding discrete
points of time, whose parameters are amenable to learning from data by minimizing a suitable loss function
[HSPS21]. The choice of a particular statistical manifold as state space depends on the data analysis task. The
most basic choice, adopted also in this paper, is the relative interior of the probability simplex for node-wise
classification, i.e. data labeling. The more expressive case of density matrices as a non-commutative alternative
regarding probabilistic models, has been recently introduced and studied in [SCB*23].

Major differences of assignment flows to the classes of approaches sketched above include (i) that assign-
ment flows constitute a natural approach to non-binary labeling with an arbitrary number of labels and (ii)
that integral solutions are obtained after convergence by ‘continuous rounding’, induced by the underlying ge-
ometry which couples diffusion and rounding in a single process. Stability and convergence to integral solu-
tions was studied in [ZZS22]. Extensions to unsupervised and self-supervised data labeling were presented in
[ZZPS20a, ZZPS20b]. The recent paper [BGAPS24] utilizes randomized assignment flows for the generative
modeling of high-dimensional joint probability distributions of discrete random variables, via measure transport
on the assignment manifold and training by Riemannian flow matching.

Assignment flows can be also represented by a nonlocal graph-PDE and shown to comprise a range of related
earlier work for data labeling on graphs as special case [SBS23]. The local counterpart as PDE on a continuous
domain was introduced in [SS21], which is the starting point of the present paper.

1.2.2 Harmonic Maps and Geometric Gradient Flows

We focus briefly on the in problem to show the existence and global convergence of gradient flows corresponding
to energy functionals which determine harmonic maps and their regularity. This requires to consider more general
spaces like L?(M, N) and the corresponding Sobolev space W12(M, N) containing also non-smooth maps f.

For compact Riemannian manifolds M, N, lower-semicontinuity of the harmonic map energy functional with
respect to L2-convergence is established via I'-convergence in [Jos17, Ch. 9]. Furthermore, existence is shown
assuming that [V has nonpositive sectional curvature, employing convexity properties of the energy which can be
deduced in this case. The curvature condition and further assumptions that are violated by our models introduced
in the present paper, are also adopted for related scenarios studied, e.g., in [Jos97, Nis02, JS09, HILZ19].

Assuming that M is a compact connected Riemannian manifold with nonvoid boundary and that NV is a com-
plete Riemannian manifold, the paper [HKW77] established existence for the corresponding Dirichlet problem,
merely assuming a positive upper bound of the sectional curvature of N.

A major relevant line of research is based on the Lojasiewicz-Simon gradient inequality [Sim83, Hua06]. From
this angle, the harmonic map problem has been comprehensively studied by [FM19] recently, still assuming that
the Riemannian manifold N is closed. The approach requires considerable functional-analytic machinery and a
corresponding careful study of the Banach manifold structure of the space of Sobolev W*» maps.



1.2.3 Machine Learning

The recent paper [CRET21] promotes graph Beltrami flows as a proper basis for learning continuous features and
evolving the topology of an underlying graph simultaneously. In particular, the authors consider the approach as
general enough to overcome a range of limitations of current state-of-the-art deep graph neural networks (GNNs),
motivated by the intimate mathematical connection of GNNs to discretized diffusion equations. In fact, there
seems to be a trend in machine learning to reconsider concepts like ‘message passing’, ‘attention’ etc. from a
mathematical viewpoint and their relation to established concepts (nonlinear, non-local diffusion, continuous-
time models, state-dependent inner products, etc.), in order to categorize the great variety of GNN architectures
proposed in machine learning during the recent years [HSLG23].

The graph Beltrami flow proposed by [CRE*21] considers maps V — R? x RY of graph nodes ¢ € V to
z; = (uy, ax;), a > 0, comprising positional encodings w; computed in a preprocessing step and continuous
feature vectors ;. Defining a discrete gradient operator by finite differences and a discrete divergence operator as
adjoint with respect to an inner product, yields the discrete Laplace-Beltrami operator and flow. By constraining
the resulting diffusivity, the evolution equation can be written in self-adjoint form and shown to be the gradient
flow of a discrete version of the Polyakov action studied in [SKM98].

1.3 Contribution and Organization

In this paper, we adopt the mathematical framework of harmonic maps f: M — N in order to extend the as-
signment flow approach to maps of the form (1.1) and the minimization of a corresponding harmonic energy
functional, known as Dirichlet energy in the case of functions f: M — R. The target manifold (NN, g) will be the
interior of the probability simplex (A, g) equipped with the Fisher-Rao metric g. The domain manifold (M, h)
with metric h can be any compact Riemannian manifold.

Since our scenario violates basic assumptions made in the literature above (/N is open with positive sectional
curvature, non-metric affine connection) and generalizes the basic harmonic map problem to sigma models, we
leave the problem of existence and global convergence (cf. Section 1.2.2) of the gradient flow for future work and
solely focus on geometric aspects in this paper.

Throughout the paper, we make the assumptions: (M, h) will be a compact, oriented connected Riemannian
manifold without boundary and we consider smooth maps f € C°°(M, N). Specifically, in the case of images,
we choose the torus M = T2 corresponding to the image domain possibly extended by a constant margin, and
doubly-periodic boundary conditions, with a metric h induced by data. The compactness assumption ensures the
direct application of established results about the spectrum of the Laplace-Beltrami operator, as a basis to devise
a Lyapunov functional for the new sigma flow model. This substantiates numerical experiments with N-valued
sigma flows on a graph embedded in M, i.e. after a discretization of M.

The main purpose of this paper is to provide, from the viewpoint of geometric modeling and using the frame-
work of harmonic maps, a continuous-domain extension 3: M — N of assignment flows with a learnable
time-variant metric h of the domain manifold M. Since the metric also depends on the evolving state governed
by the sigma flow, compact parametrizations enable decent model expressivity.

Our new approach, the sigma flow model, is general and applies to labeling tasks of data observed on any
compact domain manifold (M, k). In addition, we consider our result as a mathematical approach to geometric
deep learning, contributing a design principle for the generation of neural ODEs by discretizing sigma flows, that
accomplish structured data labelings in natural manner using concepts of information and differential geometry.
The similarity of our approach to concepts employed in mathematical physics may be of independent interest.

The paper is organized as follows.

Section 2 introduces basic notation, recalls the information geometry of the target manifold (N, g) = (A, g)
and a particular formulation of the assignment flow [SS21] as starting point. The reformulation of the
assignment flow approach as nonlinear nonlocal graph PDE [SBS23] characterizes assignment flows as a
tool for generating graph-based neural networks for metric data labeling.

Section 3 recalls basic notions related to harmonic maps and the Beltrami flow approach [SKM98]. Variants of
this approach are obtained by making the domain metric & dependent on the evolving map. The relation to



nonlinear anisotropic diffusion, in particular, is considered in more detail from this viewpoint.

Section 4 presents our main distribution, the sigma flow model. The general formulation is complemented by
concrete implementable expressions using the two basic affine coordinate systems of information geometry.
Convergence of the solution are shown under the assumptions stated above about the domain manifold M
and the smoothness of mappings f. Finally, we consider the entropic harmonic energy functional which
turns the sigma flow model into a proper labeling approach.

Section 5 provides implementation details and few experimental results concerning model expressivity and pre-
diction performance, as proof of concept.

Section 6 Comparisons and structural similarities to the S-flow version of the assignment flow approach (Section
5.2) and to transformer network architectures (Section 5.3), respectively, point out the relevance of the sigma
flow model also in a broader context, that we take up and briefly discuss to conclude the paper.

Appendix A.1 lists symbols and their definitions.

Appendix A.2 supplements the specification of implementation details of Section 5.1.

2 Information Geometry and Assignment Flows

We collect few definitions and fix notation which will be used throughout this paper. Appendix A.1 lists symbols
and their definitions.

2.1 Basic Notation

Let M be a closed, oriented, connected smooth manifold. For a function f € C'°° (M), we use the shorthand

/ f=] fwn (2.12)
M M

with volume measure wy, defined by the metric ~ and locally given as

wp = /|hldz! - da™ =: \/]h|dz, (2.1b)

where |h| = det h is the determinant of the metric tensor. We often omit the argument x of functions in integrals,
like in (2.1a), to enhance the readability of formulae. For vector bundles F over M, we denote by I'(E') the global
sections of E/. We furthermore use

QY(M,E)=T(T"M ® E). (2.2)

and Q' (M) = QY (M, M x R) for one forms. We set

[n] :={1,2,...,n}, Vn € N (2.3a)
[n]o :={0,1,...,n}, Vn € N. (2.3b)

Greek indices denote coordinates for M and roman indices coordinates on the specific target manifold N = A,
(Section 2.2). In this case, the general Riemannian metric g of (N, g) = (A, g) is denoted by g. Local coordinates
on M are denoted by x*, 1 € [m] with coordinate derivative operators

0

da

dy = , W€ [m]. (2.4)

We denote the number of categories (classes, labels) by ¢ € N and set

ci=c—1. 2.5)



The canonical (natural, exponential) local coordinates on A, are denoted by 0%, i € [c] with coordinate derivative
operators

0
0;:

= ag0 i € [c]. (2.6)

The identity matrix is denoted by
I=1, = (di5)ijem) 2.7

with the Kronecker symbol d;;, and with the dimension n indicated as subscript whenever the dimension may
not be clear from the context. Angular brackets (-, -) are generically used for denoting inner products, with the
symbol g of the metric as subscript in the case of a Riemannian metric (-, -),. The Einstein summation convention
is employed throughout this paper. For two functions f, g € C°°(M), we write

(df,dg)n : & = W (2)0, f(2)0,g(x) (2.8)

for the natural pairing of one-forms induced by h.

2.2 Hessian Geometry of the Probability Simplex

This section defines few basic concepts and notation related to the geometry of the target manifold (A, g). The
probability simplex of categorial distributions is denoted by

Ac:{p:(p077pc)€chzZO, szzl} (29)
ie[c]o

Its relative interior is a smooth manifold

AC:{p:(p07,_,7pc)eRC:pi>0,Zpi:1}. (2.10)

i€[c]o

Each distribution p € A, has full support and governs a discrete [c]-valued random variable Y with p; = Pr(Y =
i), 7 € [¢] and pg = Pr(Y = ¢). The manifold (2.10) is covered by the two single coordinate charts x. and x.,
given by

Xe : Ao = RS, p:(po,...,pc)'—>9:(log@,...,log&), (2.11a)
Po DPo

Xm © Be = {p eR:p; > O,Zpi < 1}, p=(po,--.,pc) = (P1,--.:Dc)- (2.11b)

Denoting the corresponding coordinate functions by
0" : A, - R, piAe — R, i€ [d, (2.12a)

one has

i DPi € )
0'(p) =log ——=——, pi(0) = — =, ield. (2.12b)
1 =2 et Ps L+ 3 e €’

The use of sub- and superscripts here is intentional: if %, i € [¢] transform contravariantly, then p;, i € [c]
transform covariantly. Consequently, p;d#"* is a differential one-form, which turns out to be exact

dip = p;df’, (2.13)

with the potential given by the log-Laplace transform (partition function)

YA, =R, )(0) =log (1 +> ef’j). (2.14)

JEl¢]



The Legendre transform yields as conjugate potential

the negative entropy

pibo =R, o)=Y VO —y() = p;67 —y(0). (2.16)

JE|¢]

Basic relations include

v =pi=e’ Y, i€ [d, (2.17a)

2ip = gij07, i€d, (2.17b)
with the metric tensor of the Fisher-Rao metric

gij = 0,05 = 0;p; = 0ijpi — PiDyjs i,j € [c]. (2.17¢)

The Christoffel symbols of the Levi-Civita (metric, Riemannian) connection with respect to the 6 coordinates read

) 1 . 1 . ) )
= 5g”alajaw = 5(5;@ — 0'pk — 01.pj), (2.18)

where 53 = 0;4, V4, j. The Christoffel symbols of a-connection in §-coordinates are then given by [AN0O]

avi l—a_ 4, I+aqy
=5 Tt —5— T (2.192)
l—a_., i ..
= I = (1- oz)I‘j,€7 i,7,k € [c], (2.19b)
with
[ i .
5 F]k == jk" Z,J7k 6 [C]. (2.19C)
2.3 S Flows

As briefly reported in Section 1.2.1, assignment flows provide a framework for labeling metric data observed on
graphs, at every node, utilizing the geometric structure of the simplex A, defined above. We confine ourselves to
a particular parametrization of assignment flows, called S Flows [SS21, Section 3.2].

Let Go = (V, &,Q) be an undirected weighted graph with V = [N], N € N and non-negative weight matrix

QeRVN Q.4 >0, Va,be[N], (2.20)
which is symmetric and supported on the edges
Qap = Qg and Qup =0 if (a,b) ¢¢E. (2.21)
The S flow is a dynamical system evolving on the assignment manifold

WX, g), WN = A x - x A, (2.22)

N factors

|

with the Fisher-Rao product metric g defined factorwise by (2.17c). Elements S of the assignment manifold W~
are conveniently represented by assignment matrices S € RV*¢ with rows S, € A, a € [N].
The S flow is the Riemannian gradient descent flow corresponding to the objective function

1 1
T WESR, TO)==7 D WwlSa=Sl*+5 D Sl (2.23)

a,be[N] a€[N]



given by the equation .
S =—grad J(S), S(0) =P. (2.24)

The Riemannian gradient can be specified explicitly with some more notation. For a given assignment matrix S
we define the replicator tensor Rs € RN *¢X¢ with entries

(Rs)a = Diag(Se) — Sq ® Sq € R%C, a € N. (2.25)

The tensor Rs acts on elements of RY*¢ by row-wise matrix multiplication, projecting to the tangent space
TWCN C RVXe ForY € RVN*¢ we write

RsY e WY withrows (RsY), = (Rs),Ya. (2.26)

Furthermore, we denote by
Lo :=Q—Iy e RVXN (2.27)

the Q2-induced graph-Laplacian, acting on assignment matrices by matrix multiplication. Using this notation, the
gradient of .J takes the form
—grad J(S) = Rs(LaS+Y9). (2.28)

The S flow .
S = Rs(LQS + S) (2.29)

is thus as a dynamical system parametrized by the weight matrix €2. Under mild conditions on €2 [ZZS22] and
sufficiently large T > 0, S(T") satisfies the entropy constraint

H(S.(T)) <e, VaeV, (2.30)

where H = —p: A, — R denotes the categorical entropy function, see (2.16). This implies that at every node
i € V, the corresponding row S, (T) € A, of the assignment matrix is very close to a unit vector which uniquely
assigns the corresponding label to given feature data f: V — F, where F is any metric space and f is encoded
by the initial point P of (2.24).

If the weights ) are allowed to be adjusted, the S flow ODE (2.29) may be interpreted as a neural ODE
[CRBD18], where the weights {2 can be learned from data. Among other choices [BCAT24], Q could be
parametrized by a deep neural network, as demonstrated e.g. in [BZPS23].

More abstractly, we can think of (2.29) as being parametrized by the Laplace-operator L, rather than by the
weights themselves. This perspective is useful regarding generalizations of this formalism, due to the plethora
of different structures admitting Laplacian operators, including simplicial complexes [DHLMOS5, Lim20], meshes
[GY02] and manifolds [Jos17]. This general perspective on the S flow is the departure point of the present paper.
The goal is to take advantage of the combination of ideas related to data labeling based on assignment flow
architectures, with concepts from geometric data processing based on the manifold hypothesis [FMN16].

To this end, the paper [SS21] provides a natural starting point for our work, where a continuum limit for the S
flow was proposed, replacing the graph G by an open domain X C R¢ for some d € N. The objective function to
be minimized is then replaced by the S flow energy

Bs:O®(X,5) R, Bs(®) = /X (1OBI2 — [8]?)d. 2.31)

Numerical optimization of this functional allows to perform data labeling similar to the S flow. In Section 4, we
explore how this approach can be generalized when a Riemannian manifold (M, h) is considered instead of a
Euclidean domain X, with a metric i depending on data.
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3 Harmonic Maps and Geometric Diffusion

3.1 Riemannian Harmonic Maps

Harmonic maps originate in differential geometry when minimizing the energy of functions as defined below. For
background and further reading, we refer to [HWO08], [Jos17, Ch. 9].

Let
(M, h) and (N,9) 3.1
denote smooth, oriented Riemannian manifolds without boundary of dimensions m and n, respectively. Fur-
thermore, let M be compact. For a function f € C°(M, N) with coordinate functions f*,i = 1,...,n, its
differential
df € QY (M, f*TN) (3.2)

is a section of the vector bundle T*M ® f*T N of 1-forms with values in the pullback bundle f*T'N over M.
The latter is equipped with the metric g;;(f(z)) whereas T*M carries the metric 2 (x). Thus, denoting the
corresponding metric by

() = () MofTN, (3.3)
one locally has with the induced norm || - || = \/(:,-),
ldf* € €M), [|dfI*(x) = k" (@), ()0 f (2)gis (£ () (34
We call the functional )
Bu: CX(MN) >R, Ea(7) =3 [ lasIP 35)
M

the harmonic energy of f. Let f;: M X (—e,e) — N denote a smooth one-parameter family of variations of
fo = f, then the first variation of the harmonic energy is given by

d 0
CE)Dle)i= GEn )y = [ (r(figopn, v=TE| (3.6
with the tension field of f given by
7(f;9,h) :=tr Vdf, 3.7

where V denotes the induced connection on 7*M ® f*T'N. Critical points f of Ey are called harmonic maps.
The corresponding Euler-Lagrange equations 7(f; g, h) = 0 are more explicitly given by

0=Anfi(z)+ F;k(f(x))@ufj(;U)@,,fk(x)h“”(a?), x €M, i€]ln], (3.8)

with the Christoffel symbols F; . associated with the metric g on N and the Laplace-Beltrami operator on (M, h)
given by

1
vkl
The dependency of the tension field (3.7) on the metrics ¢ and, in particular, on h of (3.1) will be key ingredients
of models considered in Sections 3.2.2, 3.3 and 4.

Anf = (VW a, f),  feC®(M). (3.9)

Remark 3.1 (sign convention of A}). The sign convention used here agrees with the one from [SKM98, Eq. (38)]
and [Cha84, Section 1.1, Eq. (33)], which is opposite to the convention in [Ros97, pp. 18], [Jos17, pp. 496].
Consequently, the operator Ay, is negative semi-definite with a non-positive spectrum.

Remark 3.2 (harmonic maps in theoretical physics). We briefly comment on the role of harmonic maps in
theoretical physics. Physical theories describing maps f : M — N between manifolds M, N are generally
referred to as sigma models [HKK 103, pp. 146] (the nomenclature is due to historical reasons), where it is often
assumed that the metric h is not fixed but dynamical, however. The harmonic energy functional (3.5) is known as
the non-linear sigma model action with target N in the context of quantum field theory and string theory [Pol98,
Sec. 3.7]. A distinguished member of the family of non-linear sigma models is the Polyakov action which assumes
the special case N = R? with the Euclidean metric or Lorentzian pseudo-metric. This case is of great interest in
bosonic string theory as laid out in [Pol98, Sec. 1.2] and [Pol81], allowing for tractable quantization.
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3.2 Beltrami Flow and Variants
3.2.1 Beltrami Flow

The Beltrami flow approach [SKM98] considers images as mappings from surfaces to the RGB color space: A
given image array f € R™ 3 arises as discretization of a mapping f : M — R? where, for simplicity, we assume
M to be a smooth closed two-dimensional manifold. A basic example are images on a torus M = T? with periodic
boundary conditions.
Choosing Riemannian metrics
(M,h) and  (R3,g) (3.10)

yields an instance of the harmonic map setting (3.1) and one may consider the harmonic energy Er (f) of f given
by (3.6). The Beltrami flow approach amounts to process f by minimizing F'y; and to integrate the corresponding
gradient descent equation. Setting for a given 7" > 0

My = (0,T) x M G.11)
and for u € C*°(Mr,R3) and t € (0,T) fixed, we write

ug = u(t,-) € C°(M,R?), and wp:= lim u(t,-). (3.12)

t—0+

The basic Beltrami flow system reads

) Oruy = ;9,h), Vte (0,T),
u e C™(Mr,R?) st { i fT(ut 9:h) 0.7) (3.13)
uog = J,

with 7 given by (3.7). A common choice is the Euclidean metric
9ij = 0ij (3.14)

for the color space. See, e.g., [Res74, Pro16] for color spaces that better conform to human color perception.

3.2.2 Variants: Dynamic Metrics

Variants of the Beltrami flow approach result from coupling the metric i and the function u via a differential
equation. Instead of a single metric i, we consider a family of metrics h; depending on u;,¢ € (0,7"). A natural
choice is the system
Opur = T(ugs g, he), V>0,
u€ C®(Mr,R?) st { hy=uld, vt >0, (3.15)
Uo = f7

with h, is determined by pulling back the Euclidean metric (3.14) via u;. A particular case concerns mappings
f: M — R3, f(@) = f(z1,22) = (w1, 22, k(21, 32)) (3.16)

defined as graph of a function k: M — R. Then u; solving (3.15) defines a family of surfaces governed by the
mean curvature flow equation

Opuy = 2H (ug )N (uy), (3.17)

where H(u;) is the Gaussian mean curvature and N (u) is the unit normal to the surface defined by u;. For
a derivation of this equation, see [SKM98, Sec. 4.3]. We refer, e.g., to [Wei98, SPSOD21] for further read-
ing, to [MBC15] for connections to local adaptive filtering, to [Gar13] for connections to other areas of applied
mathematics, and to [Pol98, Sec. 1.2 and 3.7] for relations to theoretical physics.
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3.3 Anisotropic Image Diffusion

The anisotropic diffusion approach to image processing promoted by Weickert [Wei98] adopts a somewhat com-
plementary viewpoint. We briefly elucidate differences to, and common aspects with, the Beltrami flow approach.
For the basic case of a gray value image function f: R? D Q — R, the system of anisotropic diffusion
equations reads
&gut = div(VtVut), Vo< t< T,
u e C®Qr) st Vi = O(uy), vt > 0, (3.18)
Upg = f ;

with partial differential operator O and a matrix-valued diffusion tensor V: Qp — R?*2 satisfying a uniform
positive definiteness constraint O(f) = C(O)L, for all f € C°°(2) and a positive constant C'(O). The class of
operators O considered in [Wei98] have the form

(O()(x) = D(K, * (Ve @ V) (x)) (3.192)
:D(KP*(f;(S)(x)), fo =K, % f, p,o >0, (3.19b)

where D € C°°(R?*2 R?*2) preserves symmetry and positive definiteness of the matrix argument, * denotes
spatial convolution and K, K, are lowpass (typically: Gaussian) filter kernels at scales p and o, respectively.
The approach (3.18) has a more narrow scope in that possible manifold structures on 2 are ignored. On the
other hand, in view of the second equation of (3.18) governing V;, Equation (3.19b) generalizes the role of h; in
(3.15).
In order to bring the anisotropic diffusion approach closer to the Beltrami flow approach, we introduce an
additional positive warp factor x: 27 — R< and define the warped anisotropic diffusion (WAD) system reads

Opu = Kkediv(Vi V), Vvt >0,
up € C*(Qr) st Vi = O(uy), vt > 0, (3.20)
ug = f.
If we replace the Euclidean domain €2 by a domain manifold M, then the Beltrami flow becomes a special case of
the WAD with
Vi =h7'/|he and Kk, = % (3.21)

[Pt
assuming the matrices h; > 0 are symmetric and positive definite. This characterizes the Beltrami flow as WAD
with a diffusion tensor that has a unit determinant, and it enables to exploit established numerical methods for
anisotropic diffusion after choosing a coordinate system on M.
Alternatively, we may generalize the Beltrami flow system to produce WAD systems with more general diffu-
sion tensors. For a C! function B: R — R with B’ > 0, consider the generalized harmonic energy

Ep: C®(M,N) =R,  Ep(f):= %/MB(deH?). (3.22)

Calculating the functional derivative yields

_Of

CEDN =~ [ (m(fig b)), v= 5t (6.23)

|
t=0

where 7(f; g,h) € T'(f*TN) is locally given by

(739 0)' = =0, (B (a7 I)WIRI W0, 1) + BUAf T30, 0, 0, e lnl. (3:24)

VIhl

Choosing specifically (N, g) = (R™, ), we obtain as a special case of (3.24)

m(fig.h) = —=0,(B'(If DR VIR D, f), i€ . (3:25)

L
vidl
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The corresponding gradient descent system

atut = TB(Ut§97 ht)7 vt € (OvT)v
u e COO(MT) S.t. hy = O(Ut), Vt € (O,T), (3.26)
Ug = f

Further restricting M to an open domain {2 yields again a system of the form (3.20), but with
det V; = B'(||dug||?). (3.27)

Prominent special cases include Perona-Malik denoising [PM90, Kic08] with

1
he =& Bl'(z) = e ® Bl(z) = 3.28
(=0 B@)=e* o B@)=i— (328)
and total variation denoising [ROF92, Cha04] with
hy =9, B(z) = 2y/x. (3.29)

This demonstrates the versatility of the Beltrami flow approach and its variants for representing a range of estab-
lished methods of PDE-based image processing.

We conclude this section by pointing out two more useful properties of the Beltrami flow approach.

Reparametrization invariance. The harmonic energy Ey (3.5) is invariant under coordinate transformations,
i.e. under reparametrizations of the domain manifold M. This provides a basis for coordinate-invariant
discretization of the PDE system Oyu; = 7(uy). We refer, e.g., to [GY02, War08] for related work.

Conformal invariance. Assume m = dim M = 2. A conformal transformation is a rescaling
h — Ah, A M — RS (3.30)

of the metric h on M with respect to some positive function A\. Writing more explicitly Ex (f) = Ex(f;g,h)
for the harmonic energy of the map f: M — N between the Riemannian manifolds (M, h) and (N, g),
conformal invariance of Er; means

En(f;9,h) = Eu(f; g9, A\h), (3.31)

which in terms of the functional derivative translates to
1
0Bn(f;9, M) = S0Eu(f;9,h). (3.32)

The consequence for the associated diffusion process is

aut = T(ut;g7h) = /\T(ut;gaAh)a (333)
which concerns discretization. Setting J,u ~ W with step size 0 < 77 < 1, one has
“t+n — Ut
— ~ A7 (ut; g, Ah) & Uy = U + NAT(ug; g, AR). (3.34)

This shows that the time scale 7 used for discretization is entangled with the scale A of the metric h.
Since A is a function varying over the domain M, this also introduces a spatially resolved time scale for
discretization.
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4 Sigma Flow Model

This section presents the main contribution of the paper, the sigma flow model for labeling metric data on a smooth
compact, oriented closed manifold M equipped with a Riemannian metric h. This is achieved by combining the
Beltrami flow and the assignment flow frameworks. Regarding image segmentation, the sigma flow model differs
from the methodology presented in [SKMOS] in that it works for multiple classes and is an inherently geometric
approach to data labeling.

Section 4.1 details the Beltrami flow approach for the specific choice

(N,9) = (4c,9) 4.1)
as target manifold equipped with the Fisher-Rao metric and simplex-valued mappings
P: M — A, (4.2)

Section 4.2 introduces the sigma flow model and shows that is constitutes a proper geometric diffusion approach.
The extension of the sigma flow model from the metric connection to the a-family of connections from information
geometry is worked out in Section 4.3. Finally, by additionally taking into account an entropic potential in Section
4.4, the sigma flow model becomes a proper labeling approach.

This version of the novel sigma flow model for data labeling bears resemblance to basic models of mathemat-
ical physics (cf. Remarks 3.2 and 4.17) and constitutes the natural geometric extension of the continuous-domain
formulation of the assignment flow approach presented by [SS21].

4.1 Harmonic Energy of Probability Simplex-Valued Mappings

Using the notation of Section 3.1, we consider the harmonic energy

Ep(P) = %/M lasp]*. (43)

The corresponding Beltrami flow is generated by the system

ath = T(Gt;gv ht)7 Vt > 07
G c C®(Mr,n.) st {hy=0(6), vt >0, 4.4)
60 = mv

with a differential operator O specified later and initial condition 3 € C>° (M, A..). We use both local coordinates
o', ....6° and D1y -y Pe 4.5)
of A, introduced in Section 2.2. The corresponding coordinate expressions of & are denoted by
VAN and  pi1,...,Pe, (4.6)

respectively.

Proposition 4.1 (harmonic energy on A,). For a smooth map 3 : M — A, with local §-coordinate functions
9,1 € [¢] and p-coordinate functions p;, i € [c], the harmonic energy (4.7) evaluates to

1

Eu) =5 [ asad’. )= [ oo @)

with respect to a Riemannian metric h on M.
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Proof. By (2.17¢), one has g;; = 0;p; and hence by the chain rule
8Mpi = ajpiauﬁj = gija/ﬂ?j. (48)

Thus, taking into account the symmetry of g;;, (3.5) yields

1 o 1 o 1 .
En(F) = 5 /M W 0,0° 0,07 g3 = 5 /N [ W 0, 970,9'g:; = 5 /M W™ 3,90, (4.92)
1 .
=3 / (dps, dI*)p. (4.9b)
M
O

We compute the key ingredient of the sigma flow, the tension field 7 from Eq. (3.7), in local coordinates.
Proposition 4.2 (tension field in coordinates). The tension field of 3 : M — A, with 6 coordinate functions

V%4 € [c] is given locally by

(B0, ) = Ad (A~ W) A - W) - AV, W), e[l .10)

where U = o P : M — R from (2.14).

Proof. (3.7) reads ‘ ‘ . .
(B9, h)' = A + 15,0079, 9. (4.11)

Using the relation p; = 9,7 by (2.17a) and hence by the chain rule
0,V = 0,40,9" = p;0,0", (4.12)

substitution of the Christoffel symbols (2.18) yields

T(Pio,h)' = Apd' + %(5;15jk — 00k — O1.p;) 0,97 9, 0" h (4.13a)
= A9+ %(aﬂmayw — P00 0,0% — p;0,970,9")hH (4.13b)
= Ap0 + %(auﬁiaym - 0,9'9,¥ — 0,90,9" )W (4.13¢)
= A0t + %(<dq9i,dq9i>h —2(dv’,d¥),) (4.13d)

which is equal to (4.10). O]

Since mathematically equivalent expressions may behave differently when they are evaluated numerically, we
derive another expression for the tension field in local coordinates.

Proposition 4.3 (alternative form of the tension field). The tension field of ¢ : M — A, with 0-coordinate
functions 9*,i € [¢] and p-coordinate functions p;,i € [c] is given locally, with respect to the 0-coordinate system,

by
1 . .
T(Figh)' = S (A" + g7 Anp;), i€ (4.14)

Proof. In this proof, we use explicitly the volume measure wy, (2.1), which we denote by wy, = /|h|dz. We
compute the first variation of the harmonic energy given by Proposition 4.1. For any smooth functions f,g: M —
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R, one has

/(df,dg>hwh:/ Ou fO,ght" \/|h|dx (4.15a)
M M
—/ fO0u(h*\/|h|0yg)da (4.15b)
M
VA
— f O, (WY \/|h|0vg dx (4.15¢)
[, outr ) Yt
= - / (fArg)wn (4.15d)
M
with 1
Apg = Wau(h‘“’\/ |h|OLg). 4.16)
Thus
d d1 i i
B+, === [ (dpi(0 +1n), d(W" +tn"))nl,_, (4.17a)
dt dt 2 Jur
1 , - 1 ; .
= */ (d(n’0;p4) ,d0"), + */ (dpi,dn)n  (using d;p; = gji = gij)  (4.17b)
2 /m Y
1 , ; 1 i 1qi 1
= */ 77]<d971j7d192>h+*/ gij(dn’, dd")p — */ ' Anpi (4.17¢)
2 /m 2 Ju Y
We rewrite the second integral using partial integration.
/ gy (dn, do'), &Y / gy (dn, A9 pon, = / 01,0,17 0,90 \/Thde (4.182)
M M M
= —/ njaﬂgijauﬁih“”\/|h|dx—/ 17’ 9ij 0, (W /1|0, 0")da
M M
(4.18b)
“éﬁ)_/ I (dgiz, dv?) \/|hd:c—/ 7 9i; A0/ | h|da.
M M
(4.18¢)
Substitution in (4.17¢) yields
d
&EH(ﬁ‘i‘tn ’t:O (4.19a)
1 j i 1 j i 1 j i 1 i
= | (dgi;, d9")n — = | 1/ (dgij, AV ) — 5 [ g’ ApV' — 2 | ' Anp; (4.19b)
Y Y 2 /m Y
1 . 1 . 1 _ g .
= —*/ gij’ Apd* — */ n Appj = —*/ 9ij (ApY" + g App; )’ (4.19¢)
2 u Y Y
= */ 9 7(B; 8, h)'’, (4.19d)
M
which proves (4.14). [

Remark 4.4 (Fisher-Rao metric becomes singular). We note that the Fisher-Rao metric
9ij = pidij — Pibj, i,7 €[] (4.20)

converges to a singular matrix along paths approaching the boundary of A, C /.. As a remedy, in the rest of this
section, we use a regularized metric given in the #-coordinate system by

g- = g+el, I<exl, 4.21)

that is bounded from below by €I. The derivatives of the metric are preserved, however.
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Proposition 4.5 (Christoffel symbols of g.). The Christoffel symbols of g., denoted by T, are given by

1
(To)ijk =Tijk = 501‘0]‘01#/) (4.22a)
and
(To)ie = (9)" Ty, 0,5,k € [c]. (4.22b)

Proof. The relation (I'c);jr = Tijr = %Dibjbkz/z follows by the definition of the connection and 9,(g:);x =
0;9jk:

1 1
(Te)iji = 5(01@(95%‘ +0;(gc) ki — 0i(9e) k) = 5(%9@ + 050k — 0igjk) = Liji (4.23)
Further noting [ANOO, Section 3.3]
0;0k = Diajaklﬁ 4.24)
is permutation invariant shows I';;;, = %bib ;0%%. The second claim is the defining relation of (I‘s)é k- O]

4.2 Sigma Flows

The following definition introduces our new model, defined as a Beltrami flow with dynamic metric h and target
manifold (A, g.).

Definition 4.6 (sigma flow). Let 8 € C°°(M,A,) and T > 0,e > 0 be fixed. The sigma flow is the system of

PDEs
815615 = T(Gt; e, ht), Vt € (07T),

G e COO(MT,AC) S.t. hy = O(@t), Vit € (07T), (o-flow)
Sp = mv
where
O: C®(M,2,) — T(T*M & T* M) (4.25)

maps to the set of positive definite symmetric 2-tensors such that for all g € C>°(M, A,.)
O(B) = C(O)I  for some C(O) > 0. (4.26)

The condition on O is called uniform positive definiteness criterion in [Wei98]. It is trivially satisfied by
choosing a fixed metric h independent of the state &.
In the following, we denote the coordinate expressions of & by ¢ and p respectively. To avoid cluttered formulae,
we do not indicate the time dependence ¢ — ¥, t — p;.

Proposition 4.7 (sigma flow in coordinates). Set ¢ = 0 in (4.21). If 9, p denote the coordinate expressions of &
in 0 and p coordinates respectively, the first equation of the system (o-flow) takes the form

1 o
ot = i(AhtﬂZ Jrg”Ahtpj), 1€ [C], (4.27a)
and
1 ,
Opi = §(gijAht'l9J + Ap,pi), i € [c]. (4.27b)

Proof. The first form follows directly from Proposition 4.3. It yields the second form after applying equation (4.8)
with 0, in place of J,,. O

Our next goal is to devise a Lyapunov functional for the sigma flow, after two preparatory Lemmata; see
Proposition 4.10 below.
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Lemma 4.8 (spectrum of Laplace-Beltrami operator). For any metric h on M, the Laplace-Beltrami operator
Ay, is diagonalizable. The eigenfunctions of Ay, ¢, € C°(M),n € Ny exist and form an orthonormal Hilbert
basis of L*(M). Furthermore, let \,,,n € N denote the eigenvalues of Ay, i.e.

Ah¢n = >\n¢na n € Ny. (4.28)
Then Ao = 0 and \; < Oforallv > 0.
Proof. See [Cha84, Thm.1]. O

Lemma 4.9 (upper/lower uniform boundedness). The mapping B : A, — R defined in the 0-coordinate
system by

1 .
Bi;(0) = 9i;(0) + 50k055(0)0", .G €[d (4.29)
maps into the set of symmetric matrices and admits the bounds
21 1 21
V0,  el=BO) =al, a=-S = 7(1 4 € ) (4.30)
2e 2 e

where c1,co > 0 only depend on dim A, = ¢ = ¢ — 1.

Proof. In the proof we suppress the dependence on 6 for all quantities. Eq. (2.17¢) yields
0rgi; = 0%0;0;% “4.31)

and implies the symmetry of B given by (4.29). In the context of Hessian geometry, this relation is referred to
as the Codazzi equation [Shi07, Prop. 2.1]. To establish the convexity bounds of B, we compute first its entries.
Introducing the notation

0:=(0,0",...,6° and ~v:= max e, (4.32)
i€lc
we define _ ) ) .
0" :==0"—~v <0 suchthat 6" =~+0". (4.33)

Recall from (2.17a) and (2.10) the relations

pi=¢"V iel] and o poi=1- pi=c (4.34)
JEl¢]
where by (2.14)
¥ = logexp(0O) = log (1 + Z egj). (4.35)
JEle]

Using v > 0 and i, i e [c] as defined by (4.32) and (4.33), we rewrite

P = log (1 + Z 69j> = log (e"(e‘V + Z egj“*)) (4.36a)
Jj€l]

Jj€ld]
=7 +log (e” +3 e‘;i) (4.36b)
j€ld]
and note that the set {—~, 0L, ..., éc} contain only non-positive elements and that at least one of them must be 0

by (4.32), (4.33). Thus ¢/ € (0,1), i € [cJand e~ € (0, 1), and at least one of them must be 1 such that

log (e_’Y + Z eéi> € (0,logc). 4.37)

JE[¢]
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Consequently, we can write
=v+¢ forsome (€ (0,logc) (4.38)
with
¢—0 as vy — o0, (4.39)

since then 1 given by (4.35) approaches the maximal component of the argument vector (4.32). We finally define
the function

1
xexp:Rs 5 Rs, zrsze® € (o, 7). (4.40)
e
Now, rewriting the equation (4.29) defining B in the form
1
B=g+ §A’ (4.41)
we have
Aij = 010i;0" = 0:6;; — 0ip; — 0;pi, (4.42a)
with
b= g6 =7 Y a + 0,6, (4.42b)
Jeld
Regarding the first term, we compute
v g =7 Y pildi; —p;) =pi (1 -y pj) = Ypipo- (4.43)
J€le] J€le] J€ld]
Invoking the relations (4.33), (4.34) and (4.38), we have
pi = 0 () — 0" ¢ and po = e VO = g7 =¢ (4.44)
and thus obtain for the first sum on the right-hand side of (4.42b)
0t 0t 1
737 0i3(0) = Apipo = ve e 2?2 xexp(y)e e € (0, g), (4.45)
JEld]
where the bounds follow from the bounds of (4.37), (4.40) and e ¢ (0,1), i € [c].
As for the second term on the right-hand side of (4.42b), we have
0,07 "2 00 p;(5,; — pj) LV Gl ¢ = 7 il <l ¢ (4.46a)
j€ld
Nt ~ ~ . ni ].
<0 —xexp(|0°])e + Z xexp(|67)ef e € (7 -, E), (4.46b)
e e
J€le]
Putting together, we obtain for (4.42b)
0 =7 gij+ 0 ~e<—19) c=c+1 (4.47)
z—’)/jgzy Jij 6’6 ) - ) .
From p; € (0, 1) follows then
442 c+1 c+1 c+1
Aij = 0i0i; — Oip; — 0;5p; € (— s ) = (—¢,9), 1=— (4.48)

20



which implies ||A]|oc < ¢g and in turn the bounds of the spectral radius of A

p(A) < Al < cq = —cgl <= A < gl (4.49)

Returning to (4.41), we infer

0

¢ i g L i 59201 i a2
Yv € R, Bijv'v? = gijv'? + 5.,41-]-11 v > 5./41']'1} v > —EH'UH (4.50)
which gives the lower bound
B —%q]l. 4.51)
As for an upper bound, we first note that with p; € (0,1), ¢ € [¢],
2 1 )
gii =pi —p; = pi(l —p;) € (0, Z)’ i € [c], (4.52a)
1 .
Z 951 = pi Z pj =pi(l —po—pi) <pi(l—pi) € (0» Z)’ i€ (4.52b)
Jelen\{i} Jele\{i}
such that by Gerschgorin’s circle theorem [HJ13, Thm. 6.1.1]
1
p(g) € (0, 5). (4.53)
Consequently,
oo 1 1 o 1
Bijv'v? < §Hv||2 + 5./41»]»1111)] < 5(1 + cq)|v||?, (4.54)
that is )
B= S(1+eql (4.55)
which together with
1 2-1
q=(c—1) 2 _¢ (4.56)
(& (&
concludes the proof. O

We are now in the position to devise a Lyapunov functional for the sigma flow.

Proposition 4.10 (Lyapunov functional). Let ¢: A — R be given by (2.16) and ¢ > 0 be fixed. Then the
functional

®: C®(M,A.) — R, O(P) = / (o(B) + ga,;jﬂiﬁj) ¥ =xeoP: M —R" 4.57)
M

is a Lyapunov functional for the sigma flow (o-flow) if
e+c=08>0, (4.58)
with c1 from (4.30).

Proof. Let & € C>°(Mr, A,) solve the sigma flow system (o-flow) for 7' > 0 fixed and ¥; be the #-coordinate
functions of &; and h; = O(S;) the time dependent metric. In order to show that ® is a Lyapunov functional, we
show that ¢t — ®(&;) is bounded from below, continuous, differentiable and monotonically decreasing in time.
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Due to convexity of the integrand function (¢ is the negative entropy), the functional is bounded from below by
®(0) = —vol(M) log ¢, where 0 € C*°(M, A,) is the 0 function in the -coordinate system. As for the continuity
at 0, we have

[B(6) — 2(S0)| < vol(M) max (Ip(De(x)) — ¢(Bo(@)] + |8559} (2)] () — 603 ()8h(x)])  (4.59)
< vol(M) max (10(94(2)) = (Boa))| + (19:(2) ]| + 0 (@) ) [19:(@)] = [90(@)[ ). 4.59)

Since ¢ is continuous and M is compact, the right-hand side goes to 0 as ¥; — g, which shows the continuity
of @ at 0. Further, note that the integrand of ®(&,) is continuously differentiable in time. The compactness of M
then implies that ®(&,) is differentiable for all t € (0,7T").

We do not indicate the time dependence of quantities in the rest of this proof to alleviate notation. We show
now that ® is monotonically decreasing in time.

d 0 8
— = i O+ 6,97 4.60
TR /M P 0 50 (4.602)
(.16)
2175 g g9 i 93 9 i 4
/M(gu +ebi)i o /A (800550 (4.60)
and using ;9" = 7(6; gc, h)! = AR’ + (T2)%, (497, d9*), by (4.11) (with the metric g. in place of g)
= / (9e)i 9 ARY* + / (9¢)i (T2) iy (do*, do'y, 9. (4.60c)
M M
By Prop. 4.5 we have (g.);;(c)i; = I'xi; and I'yy; = T'jgy for any order of the indices. Thus
g<I>(6) = / (9e)ij 07 Ay +/ Dp0" (d, do*),,. (4.60d)

Regarding the first integral on the right-hand side, we apply partial integration and use again the volume measure
wp, = +/|h|dz explicitly

/ (ge)i 07 Apot 2 / (g2)i9 A7 /]h]da @/ (ge)1;0'0, (h“”\/|h|8uq9j)dx (4.61a)
M M M
—/ Oy (92 )i ™ 8,97 \/|h|dx —/ (9:)ij0, 9" R 0,97 /| h|da. (4.61b)
M M
Taking into account the chain rule 9,,(g:)i; = 0,8:j = V% 0i; 9,9%, we obtain
d ) ) . ) ) )
—®(8) = —/ 05845 (A7, d¥F) 0 —/ (9e)ij (A7, d9"y, +/ Tyjx0 (A7, do*), (4.622)
dt M M M
and using the relation 05,9;; = 2I'y;; = 2%
d o 1 , ,
L) = —/ (82)53 (07, do), — f/ Ongs; (A7, d0FY 0 (4.62b)
dt M 2 Ju
1 S
= —/ (gij + E(Sij + fﬁkbkgij) <d’l§”7 d’l9]>h (4.62¢)
M 2
“ _ / (B() + €T) (A", did). (4.62d)
M

The integrand has the form tr(AB) where A, B are symmetric positive semi-definite matrices (¢ was chosen so
that this is true). Invoking the lower bound A\, (B)tr A < tr(AB) implied by a trace inequality [MOAI11,
p- 341, H.1.h] and taking into account (4.58) gives

d

—®(6) < —5/ 85 (d0’, A7)y, (4.63)
dt M
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By virtue of Lemma 4.8 and (4.28), we expand the functions 9 in the orthonormal basis (¢y,)nen, provided by
the Laplacian Ay,

=> aidn,  al= / R (4.64)
n>0 M
to obtain
/ (@', dw?y, L — [ 9in,y = - al, al A, / by By (4.652)
M M rLl,n2>O
== dhal, "= —Za al Ay (4.65b)
n>0 n>1
Returning to (4.63), we thus have
©) <BY (Bijalal)dn =B llan|*An (4.66a)
n>1 n>1
with
an = (al,...,a5)". (4.66b)

The eigenvalues \,, of the Laplacian A;, depend on the state & via the coupling h = O(&). We can however
bound the metric uniformly from below by C(O)I, ¢ > 0 due to (4.26). This allows to give a uniform bound on
Ap, as follows. For any n > 1, invoke the identity [Cha84, Eq. (46)]

|/\7L| :/ hﬂu@/tqﬁnay(ﬁn 4.67)
M

with [ v @n = 0, which follows from the fact that eigenfunctions of the Laplacian are either constant or have
mean 0 and the constant eigenfunctions are associated with A\g = 0. Since we know that h~! > %H we can
apply a trace inequality as in (4.63)

[An| = / M 0,0y Pn, = c(o )||d¢n||5 (4.68)
Then, the Poincaré lemma [Jos17, Cor. A.1.1] guarantees the existence of a constant C'(M) > 0 such that
16nllp2ary < C(M)||déns (4.69)
which implies
Ml 2 Il > sy el ian: @.70)

By normalization of the eigenfunctions |[¢y | 2(ps) = 1 we we thus obtain A, < —W. From (4.66a), we
finally infer

d B 2
&‘I’(G) < _W; llan|l®. 4.71)

Because ||a,|| measures the non-constant part of S if n > 0, it follows that (&) monotonically decays as long
as Y., <y llan|* > 0,and 3" -, ||as||* = 0 holds if and only if & is constant. O

Remark 4.11 (sigma flow: existence and convergence). Proposition 4.10 shows that the convex functional ®
given by (4.57) is monotonically decreasing as long as &, is not constant. After discretizing the domain manifold
M which is required for numerical experiments, this characterizes the sigma flow as proper geometric diffusion
process, i.e. lim;_, ., S; is constant. However, to rigorously show existence and global convergence in the gen-
eral case, a weak set-up with a feasible set of &; containing C>°(M, A.) as dense subspace would have to be
considered, as discussed in Section 1.2.2.
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Remark 4.12 (harmonic maps into spheres). A similar conclusion could have been drawn along a different line
of reasoning, when considering that harmonic maps into the sphere orthant must be constant, as implied by the
general theory of harmonic maps into spheres [Sol85]. The only point to note is that A, is isometric to the positive
orthant of a sphere.

4.3 Sigma-a Flow

The sigma flow system (o-flow) involves the metric connection I' = °T" of the Fisher-Rao metric. In this section,
we consider the extension to the family of a-connections “I' from information geometry given by (2.19). As a
consequence, the tension field (3.7) given explicitly by (3.8) will take the form (cf. also (4.11))

TS0, ) = Ap, 9"+ T (A, A%, i€ . (4.72)

Definition 4.13 (sigma-a flow). Let g € C>(M, A,) and o € R, T > 0 be given. The sigma-a flow is generated
by the tension field (4.72) and the system

ath — aT(Gt; g, ht)a vVt € (07T>7
& € C®(Mr,A,) st he = O(&y), vt € (0,7T), (o-a flow)
6O = ‘B?

where O satisfies the uniform positive definiteness condition (4.26).

The following proposition generalizes Proposition 4.7 accordingly. It reveals, in particular, that the sigma-«
flow combines two linear flows corresponding to the two extreme cases of the c-connections, viz. the case a = 1,

ot = Ap, 9", i€ d 4.73)

and the case o = —1,
Oepi = Ap,piy i€ (4.74)

Proposition 4.14 (sigma-« flow in coordinates). The first equation of the system (o-a flow) is given with respect

to the 0 coordinates by
1+a

. ol .
Oy = Ahtﬁ’+Tag”Ahtpj, ieq (4.75)

and with respect to the p coordinates by

1 R
atpi = %gijAhtﬂj + 5 aAhth-, 1€ [C} (476)
Proof. By (2.19), Eq. (4.72) reads
OT(Se;8,he) = Ap, 0" + (1 — ) T (A, do¥),, (4.77)

and we show below equivalence to (4.75). Equation (4.76) then follows directly using

Oupi = 81097 (4.78)
Using .
T = 58" g 4.79)
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we transform the right-hand side of (4.75) into (4.77).

1 1 -
+aAht19’+Tg]Ahtp] @9 “YA,HW Yy |h B, (W /The]d,p;) (4.802)
t

@78) 1 + « v

Ap, 9+ \ﬁ 0, (W \/|he |10, %) (4.80b)
1 + 1 - LV
_Itan, pigd . a4 gjk |h (W7 /e 9,9%) (4.80c)
t

1— .
+ g ngjkc“wl R/ |he| 0, 9" (4.80d)
2 H—/

\/lhT

Oubjk
14+« ; 1 y l i
- T+ 5 =) A0+ (1= )57 0g;n(d0", dv*),,  (4.80¢)
@.79) Ap, % + (1 — )T, (d9", do*),, (4.806)
O

Remark 4.15 (regularized metric g.). Convergence of these flows to constant solutions under the assumption of
Proposition 4.10, and with the reservation concerning the general case expressed as Remark 4.11, can be shown
by minor adaption of the arguments. We omit the details but we note that, if the regularized metric g. given by
(4.21) is to be used instead of g, this entails the replacements

g0, DT, and o(p) = o) + gaijﬂiﬂj, 4.81)

with g., T defined by (4.21), (4.22).

4.4 Entropic Potential and Convergence to the Boundary

The geometric diffusion equations introduced so far produce constant solutions in the infinite time limit. This is
at odds with the goal of achieving a labeling of observed data at every point x € M, that is an assignment of a
definite label. We modify the sigma flow system (o-flow) to achieve such labelings by including a term that drives
the flow to the boundary of the target manifold (A, g).

Definition 4.16 (entropic harmonic energy). Let m? > 0 be fixed. We define the entropic harmonic energy as

BosC=01) + R R [ (GIanE - o), (482)

with ¢ given by (2.16).

As a consequence of including the entropy term, the expressions (4.11) and (4.14) for the tension field in
coordinates change to

To(S139,h)" = ARt + T (A, do*), + m?’ (4.83a)

1 ) . )
= (AR + g7 Appy) + m?*9t, Qe (4.83b)

See Remark 4.15 for minor modifications if the metric g is replaced by the e-regularized metric g..

Remark 4.17 (potentials in physics). The modification of the sigma flow according to Definition 4.16 is reminis-
cent of adding a potential function to models of physical systems. In the present case, the potential —¢ is concave,
contrary to most of the common cases in physics. However, scenarios where locally concave potentials appear also
in physics include the Higgs potential [Ham17, Ch. 8] or the Landau-Ginzburg potential [Jos17, Ch. 11], where
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v (c) Adaptation of the entropic potential

over the simplex to the *mexican hat’-like

(b) Entropic potential over the simplex potential (0.5 — (¢/ log(c) +1))2. Away

(a) ’Mexican hat’ potential from the —¢, which is concave. This shape is de- from the barycentric point, the potential

Ginzburg-Landau functional, which plays sired because the PDE system should gen- is now convex and consequently extreme

a major role for diffuse & threshold dy- erate a flow towards the extreme points of points of the simplex are no longer stable
namics, cf. [BF16]. the simplex. stationary points.

Figure 4.1: Mexican hat potential and entropic potential on the simplex (colored orange).

the potential has the shape of a ‘mexican hat’ depicted by Figure 4.1. A similar shape could be also achieved in
the sigma flow setting by the replacement —¢ — (0.5 — (¢/log ¢ + 1))? producing a potential that is concave
around the origin but convex when approaching the boundary of the simplex.

The shape of the above-mentioned ‘mexican hat’ potential may remind some readers of the ‘mexican hat’
shaped convolution masks for edge detection in image data, generated by Laplacian-of-Gaussian operators, which
have a long history in early computer vision and as physiological models of simple cells [MH80]. Our class of
models introduced in this paper is PDE-based, however, rather than based on convolution followed by threshold-
ing. Specifically, the metric h; on M is coupled to the evolving state &, which may be used for — in comparison to
basic convolution and thresholding: sophisticated — edge detection, as in (3.28), for instance. For a detailed study
of the connection between models based on PDEs and on convolution, respectively, we refer to [BCMO06], and to
[BF16] for advanced approaches combining diffusion and threshold dynamics.

Definition 4.18 (entropic sigma flow). Let 8 € C>°(M, A.),e > 0,m? > 0 be fixed. The regularized entropic
sigma flow system is given by

615615 - 7—4,0(615; g€7 h't)a Vt S (07T)7
S cCO®(Mrp,2,) st {hy=0(8), vt € (0,7T), (o-p-flow)
6O = mv
where O satisfies the uniform positive definiteness condition (4.26).

Theorem 4.19 (entropic sigma flow: convergence). Assume that & € C™ (M, A,) is a solution of (o-p-flow)
existing for all time and let m?,c > 0 be fixed but arbitrary. Let t > 0 be fixed and 1) denote the 0 coordinate
expression of &, and let 9" = Y on>0 al ¢, be the decomposition of ¥ into eigenfunctions of the Laplacian Ay,
analogous to (4.64). Define the set of low frequencies as

N ={n€Np: c2An + (A +m?) > 0} (4.84)

with co from (4.30) and assume _
a, =0 forall n¢R, i¢€lc. (4.85)

If condition (4.85) holds for all t > 0, then the L?(M, A,)-norm of &, is unbounded as a function of time.
It is clear that the set X is never empty; it always contains 0. For ¢ fixed, X can be enlarged by increasing m?.

Proof. To alleviate notation, we drop the subscript ¢ in this proof for all time dependent quantities. Consider the
functional ® : C>°(M,A,) — R as in Proposition 4.10. The proof consists in showing that ®(&) is strictly

26



increasing in time. Hence we compute < ®(&) in the #-coordinate system, where & satisfies the differential

dt
equation (o-p-flow)

0

a@ =7,(6;9,h), h=0(6) (4.86)
which evaluates in #-coordinates to
0 . . i i j i
57 CED A0 4 T (AT, 0, + mPo. (4.87)
Similarly to Eq. (4.60b) one derives
d 0 0
— = i 0;;07) =" = &)V =1 4.88
728) = [ i stz = [ @i 4.88)
yielding
%@(6) = / (9)i; 07 (AR + T (A7, d0™)), + mP07). (4.89)
M

The first two terms can then be treated as in the proof of Prop. 4.10 where the equation
j i i j k (4.62d) i 9j
(95)19 (Ahrﬂ +ij<d’l9 ,dv >h) = — (B+€H)zj<d’l9 , U >h (4.90)
M M
is shown with B defined as in Lemma 4.9. The last expression can be bounded by
—/ (B+€H)ij<d19i,d’l9j>h Z —(02 +6)5ij <d’l92,d’l9j>h (491)
M

M

since col is an upper bound to B by (4.30) and due to a trace inequality argument similar to the one used in
Eq. (4.63). The last expression can be further simplified when expressed in terms of the expansion coefficients
(4.64)

_ / (@', dv?), 2 S alad A, =N alad . (4.92)
M n>0 ner

Putting together the results from above yields

/ (go)97 (An0 + Tl (a0, do*),,) = — / (B + el);; (d9?, dv),, (4.93a)
M M
4.91) i .
Z 7(02 + 6)5”' / <d’t91, d19j>h (493b)
M
2 (er+e)8; Y alad A, (4.93c)
nen

A for the second term, we invoke the positive definiteness of g > 0 and obtain a lower bound

m2/ (95)1]’19]’191 = m2 (g + €H)1J19J19l > m2652’j/ ’l9j’l91 (4.94)
M

M M

Furthermore, substituting the expansion coefficients gives

/ 99 =3 aiad 23 alad (4.95)
M

n>0 neN

and hence the lower bound

o [ (@0 = ey Y- abal, = e 3 ol @96

neN neX
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Combining the bounds (4.93), (4.96), we thus obtained

%@(6):/(gg)ﬁj(Ahﬁi+F§-k<d19‘7‘,d19’“>h)+m2/ (ge)ij 070" (4.97a)
M

> ((ca+€)An +em?)||an]* > 0, (4.97b)

neX

because for all n € X by (4.84), we have (ca + )\, +em? > 0. This shows that ® is monotonously increasing
in time. Since ¢ is a bounded from above by 0, however, we conclude that the L2-norm of coordinate functions
diverges as a function of time. O

Remark 4.20 (relevance for convergence in practice). The interpretation of Theorem 4.19 is that the entropic
sigma flow converges to the simplex boundary 94, (in the L? sense) if only low frequency modes are present in the
state &. This can be expected to hold due to the diffusion part of the tension field (4.83). Numerical experiments
substantiate this result in Section 5.

4.5 Comparison to the Continuum Limit of the S Flow

We compare the entropic harmonic energy functional (4.82) and the S flow functional on the continuous domain,
as described by equation (2.31). In order to establish a common ground between the two models, we set M =
X C R? an open domain which is a Riemannian manifold with the Euclidean metric h = § induced by R2. The
S flow functional Eg considers 8 : X — A, C R® as a mapping to R and evaluates to

Ps(B) = 3 [ (IO = I8 . 4.98)

The harmonic energy is reads in -coordinates

E,(P) = /X (;gij (Ao, d?)s — g&(‘B)) d2z. (4.99)

This last expression can be simplified by employing the sphere map defined next.

Definition 4.21 (sphere map [Kas89, AN00]). The sphere map
A:A.—2S% p—2yp (4.100)

is a smooth isometric immersion that identifies the simplex A, with the positive orthant of the sphere 2S¢ of radius
2, equipped with the round metric [APSS17, AJLS17].

Proposition 4.22 (spherical representation). Let B : X — A, be a smooth map with -coordinate functions 9
andlet s :== A oB : X — S° the mapping of ‘B to the 2-sphere. Then one has

/gij<d19i7d19j>6d2x:/ |ds||? A%z (4.101)
X X

Proof. The sphere metric is induced by the Euclidean metric of the ambient R¢. Accordingly, the Riemannian
norm of a vector v € R® tangent to 2.5° is given by §;;v*v’. For a vector w € R® tangent to A, with coordinate
representation w € R, its Fisher-Rao norm at a point p € A, is given by

5 wiw? o
% = g(p)i;w'w. (4.102)
The isometry relation yields
o o T
g(p)iw'w’ = 000! for v = ——w’. (4.103)

op
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Specifically, if w = 0,9/, where 9 is the coordinate vector associated to p, then v = J,,5 by the chain rule. Hence

/ gi; (dV', d?)s Az = / 9ij0,0°0,07 6" d*x = / gijwiw’ o d*z (4.104a)
X X X
(4.103) i, 7§ suv 12 i j spv 12
= / 513'1} v o* dex :/ 6z’jau5 8V5]5# d“z (4104b)
X X
:/ [|ds||* 42z . (4.104c)
X
O

Remark 4.23 (generalized S flows). All the steps above still work if we replace (X, §) with another Riemannian
manifold (M, k). This paves the way for extensions of the S flow to more general base manifolds.

Corollary 4.24 (entropic harmonic energy on the sphere). Let 3 : M — A, be a smooth map ands = Ao p :
M — S°¢ the associated sphere-valued map. Then the entropic harmonic energy takes the form

1 ; ; 1
X X
We are now in the position to compare the energy F,, with the functional (2.31)

Ps(8) = 5 [ (IO = 1381 (4.106)

governing the S flow (recall Section 2.3). The two functionals formulate similar goals in that, by minimization,
both enforce smoothness of the function p while also penalizing configurations that are close to the barycenter
in A, wich si the point §# = 0. The S flow energy pushes to the boundary by maximizing the purity || p||2, while
the sigma flow energy maximize ¢ which means to minimize the entropy /. While the S flow energy enforces
smoothness by reducing the L2-norm of the gradient of 3, the sigma flow reduces the magnitude of the gradient
of the corresponding sphere-valued map s.

Thus, both processes induced by minimizing the respective functionals achieve the same goal, namely to
generate smooth mappings to the boundary of the simplex, yet in a slightly different manner.

4.6 Tangent Space Parametrization

In this section, we generalize the tangent space parametrization of assignment flows from [ZSPS20] to entropic
sigma flows (o-p-flow) and an arbitrary c-connection, i.e. for the entropic extension of sigma-« flows (o-« flow)
(Def. 4.13). Such parametrizations are essential for numerical computation. We first introduce a convenient
representation of the flow extending the tension field (4.10) and some further notation.

Definition 4.25 (entropic sigma-a flow). Let 8 € C>°(M, A,.) and o € R,m? € R be given. The entropic
sigma-a flow in f-coordinates is the system

. 1 A A
O = An '+~ (A = W) (0" — W),
& € C™(Mr,A,) st _<d\Ij7d\I}>ht) +m*y’ (o-p-a flow)
hy  =0(6)
S =%,

vt € (0,T), i € [c], where O satisfies the uniform positive definiteness condition (4.26) and ¥* are the coordinate
functions of &; and
UV:i=9oS;: M —R. (4.107)
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For any vector in § € R¢, we denote by (0,0) € R€ the vector with 0 prepended as first component. Fur-
thermore, the natural logarithm log as well as the exponential function apply componentwise to vectors, that
is for a vectors p € RS and v € R® one has (logp); = logp; and (e”); = e, for every i € [c]. We set

1.:= (1,...,1)T € Re. The tangent space to A, is the linear subspace
T, = {UERC: S v :0} (4.108)
1€[c]

with linear orthogonal projection

1
Oy :RE =Ty,  vesv— (72112-)16. (4.109)
c
i€[c]
The mapping )
sm: Ty — A, v — softmax(v) := i c > (4.110)
C)ev

defines a smooth diffeomorphism between T; and A, with inverse given by
sm™ A, — Ty, p — Iy log p. 4.111)

Thus, we can uniquely parametrize elements p of A, by tangent vectors v through the relation p = sm(v). We
consider furthermore the replicator mapping (as special case of the replicator tensor (2.25))

R: ﬁc — RCXC, p= Rp = [pl(éw — pj)]i,je[c]o' 4.112)

It has the properties
R,Mlg =R,, Vp€A, and  dsm(v) = Ryn(v)- (4.113)

The maps R and Il can be extended to a maps R : C(M,A.) — C*(M,R*¢) and Iy : C=(M,R¢) —
C° (M, T},) by post-composition.
We specify the relations between the tangent space parametrization and #-coordinates.

Proposition 4.26 (tangent coordinates and #-coordinates). For p € A, with coordinate representation (recall

(2.11))
6= (0",...,0% = xe(p) (4.114)
and tangent space parameters
v = (’UO,...,’UC) :sm_l(p) € R¢, (4.115)
one has the relations )
f=0 Y, h 0= _Z 6. 4.116
v +0°, i€ where v c%} ( )
J€[c

These relations are summarized by the equations

v =TIo(0,6), (4.117a)
0,0) = v —"1,. (4.117b)
Proof. Equations (4.115), (4.111) and (4.109) yield
i 1 pj @ g .
v' = logp; — - > logp; = 1og—— = Z log 2L Zé)ﬂ i € [c]. (4.118)
J€lclo JG[C JE[‘]

The expression for v° follows from v € Tj and (4.108):

__Zvi Z@J Z@l :_7201 (4.119)

i€[c] JG[C i€[c] J€lc] JEl¢]

O
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We extend the bilinear pairing on the cotangent space (-, ), : QY(M) @ QY(M) — C>°(M) to a bilinear
mapping on vector valued forms (-, -}, : (21 (M) @ R®) @ (Q' (M) @ R¢) — C°°(M,R). For a smooth vector-
valued function f : M — R¢ with df € Q' (M) ® R¢, the pairing is locally given by

(df,df)n)(z) = (aufi(m)ani(x)hW(x))ie[c]o x € M. (4.120)
With this notation, we describe the tangent space parametrization of the sigma flow model as follows.

Proposition 4.27 (tangent space representation of sigma flow). Let T > 0 be given and & : My — A, be a
solution to the entropic sigma-a flow system (c-p-o flow) for an initial condition B, the mass parameter m? > 0
and some fixed o € R. Let by = sm™ (&) denote the tangent space representation of &. Then v satisfies the PDE

1—
%nt =11, (Ahtnt + Ta<d log sm(v:), dlogsm(b:))p, + m20t>, hy = O(sm(vy)), (4.121)

where 11y acts on the function to its right by post-composition and the second term in the parenthesis is the appli-
cation of the bilinear pairing {-,-)1, (4.120) to the vector valued 1-form d logsm(v;) € QY (M)®RC. Furthermore,
the function & : My — A, C R€ satisfies the PDE

1—
%Gt = Re, (Aht log &; + Ta<dlog G, dlog &)y, + m?log Gt), hy = O(6,). (4.122)

where the matrix function Re, acts on the function to its right by pointwise matrix-vector multiplication and the
second term in the parenthesis is the application of the bilinear pairing (-, -)p, (4.120) to the vector valued 1-form
dlog &, € Q' (M) ® R-.

Proof. In the following, we simplify notation and do not indicate the time dependencies ¢ — v;,t +— h; and
t — ;. From relation (4.117) follows

0 0
570 = o5 (0,9). (4.123)

Then, due to (o-p-a flow)
%W = Apd' + 1_?0‘(«1(191‘ —0),d(9 = U)), — (AT, dT),) +m* (4.124)

We denote the ambient coordinates of & by (po, ..., p.). By virtue of (4.116), (2.12) and (2.14) we have

S = (po,...,pc), (U —¥)=logp;, —V¥=logpy, ¥ =0v'—0" (4.125)
This yields
d PR N e’ 200 _ .0
7V = An(o" —07) + ——((dlogp;, dlogpi)n — (dlog po, dlog po)n) +m*(v* —07) (4.126)
and in turn

d . 1 — ) 1-—
aﬂ’ = App" + Ta<dlogpi, dlogp;)n + m2o’ — App° — Ta(d log po,dlogpo)n — m20%.  (4.127)

The projection Il is linear, fulfills IIp1. = 0 and allows to write

9 9 1—
HOE(O, 9) = I <8t(0’ 9) + [App® + Ta<d log po, dlog po)p, + m*v?] 1C>, (4.128)

which by (4.123) and (4.127) amounts to

1—
%U =TIl (Ahn + Ta<dlog sm(v), dlogsm(v)), + m20>. (4.129)
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Using (4.113) and the defining relation sm(v) = &, the PDE governing S reads

0 ) 1—
EG = Ret = Rl (Ahn + Ta(dlog sm(v),dlogsm(v)), + m2n>. (4.130)

Using Rglly = Re (cf. (4.113)) and & = Il log v finally leads to

1—
%G = R6%D = Rs (A;L log & + Ta<dlog &,dlog &), + m? log 6). (4.131)

O

Remark 4.28 (advantage of tangent space parametrization). Regarding nonlinear flow integration on the prob-
ability simplex (A, g), the tangent parametrization enables better conditioned numerical computation than the
exponential #-coordinates.

S Experiments and Comparison

This section presents few proof-of-concept experimental results that illustrate the sigma flow model.

* Section 5.1 describes a discretization of the approach (Definition 4.25) based on the tangent space parametriza-
tion (Proposition 4.27) and implementation details.

* Section 5.2 compares the resulting semi-discrete sigma flow model and the discretized S flow model from
Section 2.3.

* The convergence behavior of the numerically integrated sigma flow with and without mass parameter is
reported in Section 5.4, which illustrates Proposition 4.10 and Theorem 4.19.

Finally, we focus on the expressivity of the sigma flow model and on learning a mapping from data to the
Riemannian metric h of the domain manifold M.

» Section 5.5 demonstrates that, for any given image, a metric exists which generates the image just out of
noise. This raises the question to what extent such metric-valued mappings generalize to an entire class of
images.

* We demonstrate empirically in Section 5.6 for computer generated labelings of unseen noisy 2D random
polygonal regions, that this is indeed possible using a metric-valued mapping parametrized by a small neural
net, even when then input is corrupted with a high level of noise. Details of the implementation are listed in
Appendix A.2.

This finding sheds light on the intriguing problem of the generalization of this generative approach, which is just
based on predicting a section of a 2 x 2 positive definite tensor field, to classes of real images. A corresponding
thorough investigation is beyond the scope of this paper, however.

We therefore touch only briefly on this subject and conclude by illustrating how much the aforementioned
map, trained on synthetic random Voronoi partitions, fails to generalize to unconstrained real images. Although
the random polygonal scene scenario, that was used for learning, considerably differs from real images, it turns
out that real image structure can be recovered remarkably well. Enhancing the metric prediction map which
parametrizes the Laplace-Beltrami operator in order to close this gap, is left for future work.

5.1 Implementation

Numerical computations are based on the semi-discrete problem: the data manifold M is discretized but the time
dimension is kept continuous. We assume that M is covered by a single global coordinate chart which is the case,
e.g., for the torus M = T2,
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The equation to be discretized is the sigma flow model with respect to a-connections and entropic potential
with weight m? > 0 in ambient coordinates, i.e. the initial value PDE problem

d 1-
QG zRet(AhtlogGﬁ2a<d10g6,d10g6>h+m210g6’>,
S e C°(Myg,N), st 5.1
W )5t = o, G0

Sy = ma

vt € (0,T), for a given f € C>°(M, A..) and some chosen fixed time period [0, 7], T > 0.
Spatial discretization entails to replace paths [0, T] — C>°(M, A,) by paths taking values in the assignment

manifold, denoted by

S: [0,T] — WN, (5.2)
where [V is the number of points used to discretize M. Due to our assumption that M is covered by a single
coordinate chart, we can discretize M by a regular grid. log & is discretized by ¢ — log S(t) where log acts on
all the entries of the matrix S(¢) separately. The metric & € I'(T™*(My) ® T*(Mr)) (recall the notation (3.11)) is
represented by a matrix function

h:[0,T) — RYV*2x2, (5.3)
We denote the first dimension slices of the tensor h € RV *2%2 py
h(t), € R**?, a € [N]. (5.4)

Discretization of the operator O yields the function
0 : WY — RVx2x2 (5.5)

to be further specified below. The Laplace-Beltrami operator

1
Ap = ——3,(/Ir]h" 0, (5.6)
" M“( )

is the composition of the differential operator 0, (+/|h|h**0,) with the multiplication of the scalar function
1/+/|h|, which can be discretized individually. As for the differential operator, we adopt the discretization of

[Wei98, Sec. 3.4.2] which yields a sparse matrix E, € RYV*¥ . Discretizing the scalar function 1/+/|h| : M — R
yields a diagonal matrix Q, € RV*Y whose entries are given by

1
(Qn)aa = —F—- (5.7)
[hal
As aresult, the discretized Laplace-Beltrami operator is given by the matrix
Lh = QuEn € RV*N, (5.8)
In view of the second term of the PDE (5.1), we describe now a discretization of the operation

(dlog &,dlog &), = h*"0,,(log &5)0, (logS) : M — R, (5.9

The derivative operators d,, are discretized by stencil operators that generate matrices D,, € RV *N 1y € [dim M)].
For instance, a 3 x 3 stencil for estimating the partial derivative 0, in z-direction on a 2d grid is

-1 0 1
g2 0 2. (5.10)
1 0 1

The discrete derivative operators D,, act on the matrices log S € RY *¢ by matrix multiplication from the left. As
a result, the discretized version of (5.9) is given by the matrix

(DlogS,DlogS), € RV*¢, ((Dlog$, DlogShh), = h4¥ (D, 10gS)s(D, logS)a, a € [N]. (5.11)

We summarize these discretization rules in the following definition.
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Definition 5.1 (semi-discrete sigma flow). Let P € WY o € R,m? € R. be given. The semi-discrete sigma
flow model is the initial value ODE problem

. 1—
S = Rs (thogS + Ta@logs, DlogS), + m? 1ogS)7

S:[0,7] = WY st (5.12)

h(t) =0(S()), vt € [0, 7],
S(0) =P.

The first equation is understood as equality of functions [0, 7] — TW?, whereas O : WY — RN*2X2 mapg
to the open cone of symmetric positive-definite matrices and satisfies the uniform positive definiteness condition
(4.26).

The dynamical system (5.12) evolves on the assignment manifold.
The papers [ZSPS20] and [BCA*24] have established numerical methods for the geometric numerical inte-
gration of such systems that can also be employed here.

5.2 Comparison to the Discrete S Flow Model

We compare the discrete S flow model from Section 2.3 and the semi-discrete sigma flow model (5.12) with
m? = 1,a = 1. This makes sense, because the S flow is intimately related to the e-geometry of the probability
simplex which is realized by a = 1. The discrete S flow ODE is given by

S = Rs(LoS +S), (5.13)
whereas the sigma flow ODE with a = 1, m? = 1 reads
S = Rs(LplogS +1og$S), (5.14)

which reveals the similarity of these two models. Both systems couple replicator equations as the original as-
signment flow model, yet with different fitness functions. To be specific, the S flow has its Laplacian operator
parametrized by a weight matrix €2, whereas the sigma flow is parametrized by a spatially discretized Riemannian
metric h. Furthermore, the fitness function of the sigma flow acts purely on the logarithms of S, whereas the S
flow acts on S directly.

5.3 Relation with the Transformer Network Architecture

The sigma model has been introduced from a optimize-then-discretize viewpoint: Minimizing various generalized
harmonic energies (e.g., (3.6), (3.22), (4.7), (4.82)) generate variants of the sigma model approach. Subsequently,
after discretization (Section 5.1), the differential equations are numerically integrated to determine the sigma flow.

A viable alternative is the antipodal discretize-then-optimize viewpoint that first focuses on a discretization of
the harmonic energy functional. We only provide here a brief account of the ideas and refer to [GLM20, WY23]
and [DHLMOS].

First, assume that the Riemannian manifold (A, h) has been approximated by a simplicial complex, which is
plausible at least in the case of image data, see [GY02] for instance. This discretization may be represented in
terms of a graph G = (V, E) with N = |V/| vertices and a weight matrix 2 € RY*V satisfying

* non-negativity: Q,, > 0, a,be V,
o symmetry: Q4 = Qpq, Va,b eV,
* support on edges: Qqp >0 & ab e E.

Section 5.1 provides a basic example: A regular grid is used to discretize a torus T2, and a local 3 x 3 symmetric
stencil is used to discretize a differential operator of the form v — div(DVu). This realizes an elementary
simplicial complex where the graph is given by the grid and the weight matrix is encoded by the stencils weights.
These weights matrix fulfills the three criteria for a weight matrix of [Wei98, pp. 76].
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In this set-up, maps P : M — A, are discretized by assignment matrices P € W2, and the harmonic energy
functional is succinctly discretized to

E:WN SR, P > Qudg(Pa,Py), (5.15)
a,be[N]?

where dg denotes the distance function on A. induced by the Fisher-Rao metric. The variation of this discrete
harmonic energy is given by the discrete tension field [GLM20]

1
Y(s,Q) e RV, T(5,Q)a=— Y Qapexpp(Py) € T, (5.16)
Ha bE[N] ‘

where i, is the vertex weight induced by the simplicial complex; see [DHLMOS5] for details. This expression can
be simplified when we isometrically identify the simplex A, with the intersection of the positive orthant and the
sphere S¢~! ([APSS17, Lemma 1]) and replace P by a matrix s € RN ¢ whose columns are unit vectors. The
discrete tension field takes the explicit form

arccos((Sq, Sp))

1
T(svﬂ)a = — Z Qab 1— <5a,5b>

(Sb - Sa<Sa,Sb>), (517)
Ha be[N]

Using this representation, we can formulate an alternative discrete sigma flow equation with fixed weight matrix
of the form

§(t) = Y(s(t),Q), where s,(t) €S and s,(t) >0, VYac][N],t>0. (5.18)

To generalize, we can make the weight matrix (2 dependent on the state s(¢) and the time ¢, i.e. we consider time-
variant weight matrices. As a result, we obtain a dynamical system evolving on a product of unit spheres, whose
solution can be approximated by the geometric Euler scheme (assuming no constraints are violated)

S(ti1) = H(s(tk) + 0 (s(ty), Q(s(tk),tk))), (5.19)

where IT : RV*¢ — (Se=1)N 2 s x/||z| is the standard projection and § is the step size for numerical
integration. We analyze this update step in the extreme case (s,,s;) = 0 corresponding to the largest possible
distance on the part of the sphere contained in the positive orthant. The equations then simplify to

s(tp+1) = H(s(tk) + g—ZQ(s(tt)7 tk)s(tk)) (equality of matrices) . (5.20)

This expression shares many similarities with an attention block of the Transformer network architecture [VSPT17].
As presented in [GLPR23, pp. 5], a simplified version of the attention block can be abstractly understood as the
update rule

s(tp+1) = H(s(tk) + SelfAttention(s(tk))s(tk)), (5.21)

where the so-called dot product self-attention mechanism
SelfAttention (s(t;)) = sm((s(tk), s(tk)>> (5.22)

induces a valid symmetric weight matrix on a graph with N vertices that is fully connected. This simplified
version of the attention block ignores fully connected layers usually employed in the transformer architecture.
The comparison shows however that this version of the discrete sigma flow can be interpreted as a generalized
attention block, since the formulation (5.18) realizes the simplified attention block as a special case on a fully
connected graph. Furthermore, the choice

Q(s(t:), tr) = EdgeMask (SelfAttention (s(tt)) ) (5.23)
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would be a valid weight matrix if the entries of the self-attention block not attending to connected vertices are
masked out. On the other hand, the formulation (5.18) contains only weights on graph edges, because the dis-
cretization scheme is only supposed to achieve the first order approximation of the smooth structure. In order
to approximate the smooth structures to higher precision, accounting for the contribution of points in two-hop
neighborhoods etc. would be required. This produces a fully supported weight matrix in the limit of highest order
approximation with a fixed number of discretization points.

We leave the investigation of mutual connections and implications for research from the continuous optimize-
then-discretize perspective, as adopted in this paper, for future work.

5.4 Synthetic Benchmark: Convergence Behavior

We demonstrate the convergence behavior of the sigma flow model using the following set-up. The torus M = T?
serves as base manifold, with the standard flat metric » = § and the simplex A4 as the target manifold. We used
an initial configuration 3 given by

x =0.2(3 + cos&p) cos &
y = 0.2(3 4 cos &) sin s

. 2 A
P: T — Ay, (&1,&2) — sm = 0.2sin €, , (5.24)
rT+y+z
where sm denotes the softmax function R* — A4 defined by (4.110). Figure 5.1a shows a plot of x,, o ‘B.
We first examined with m? = 0 the solution to the PDE system as special case of the sigma model
0
76t - T(Gtag76)7 60 :qga (525)

ot

which was discretized and numerically solved as explained in Section 5.1. The torus T2 = S! x S! was discretized
by a regular grid with periodic boundary conditions.

Figure 5.1b shows G, for different times ¢. &, converges to a point for large integration times which corrobo-
rates the statement of Proposition 4.10. We point out that we never had to resort to the regularized metric (4.21),
that is the flow computation converged for ¢ = 0. We repeated the experiment with m? = 1. The trajectories em-
anating from the initial toroidal surface are shown by Figure 5.1c. All integral lines of the flow lie approximately
on the Wright manifold [HS98, Sec. 18.8], a 2 dimensional submanifold of A4. This illustrates that solutions to
the sigma flow equations are capable of preserving non-trivial relations during time evolution. Although no metric
regularization € was used, convergence to the boundary of the simplex was always observed. Varying « did not
change the convergence behavior, but the speed of convergence as shown by Figures 5.1e and 5.1f, respectively.

5.5 Expressivity of the Sigma Flow Model

We studied the capacity of the entropic sigma flow (o-¢-flow)
0
&6 :TQ(Gagvh)a 60 :m (526)

to parametrize a labeling
£:T? — [20] (5.27)

using a fixed metric h on M = T2, as a basis for predicting such mappings in terms of a corresponding metric
using given data (Section 5.6).
To this end, we solved the optimization problem

m}}n/ KL[&7(z) : £(z)] d*x s.t. & € C®(Mr, A,), %Gt =75(64,8,h), So=P, (5.28)
T2
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(a) Visualization of the torus inside A, using the chart
Xm- (b) Convergence of embedded torus to a point (m = 0).

(c) Flow converges to simplex boundary almost every- (d) The entropic sigma flow approximately preserves the
where when m = 1. Green lines represent the integral Wright manifold [HS98, Sec.18.8], a non-trivial subman-
curves of the flow emanating from the initial torus. ifold of the simplex.
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Figure 5.1: Illustration of the convergence behavior of the sigma flow for a low dimensional toy example.
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for a fixed initial configuration 3 (see Figure 5.2a). The optimization was performed using gradient descent and
backpropagation. We repeated the optimization for two different target configurations £, displayed as Figures 5.2b
and 5.2c, respectively'. The label configurations are visualized with a color code.

Figure 5.2d shows the resulting state G at different stages of the optimization, demonstrating that the desired
configuration has been gradually achieved. Optimization was carried out until convergence, which took 1000 steps
for the simple configuration and 2000 steps for the complex configuration. Figures 5.2e and 5.2h show the results
for G, with incorrectly labelled pixels marked with black. We observed that the approximation locally degrades
at pixels within either high frequency textured regions or along sharp edges.

In order to facilitate the interpretation of the learned metrics »~!, we decomposed the metric into two parts

h=1y/|h
Rt = KAl (5.29)

VIhl

The term h~! \/m yields the part which is conformally invariant (see (3.30)) whereas 1/ \/m represents a scale
factor for the diffusion process. We visualize the final metric h~! by plotting separately the Riemannian anisotropy
index? [MB06, Sec. 17.3] of h~!1/|h] and the scale factor 1/+/]h[ in Figures 5.2g, 5.2h and 5.2i, 5.2 for the two
versions of the experiment respectively.

The metric is strongly anisotropic along the edges and more isotropic in regions with constant labeling. The
scale shows the opposite behavior: it becomes small along the edges and large in constant regions (note the inverted
color scale used for displaying anisotropy and scale, respectively). This behavior is natural: the metric guides the
diffusion process such that information propagation across edges is suppressed, but reinforced in regions with
constant labeling. If the local spatial frequency of texture is too large, however, the image structure cannot be
modeled by diffusion anymore.

5.6 Learning the Prediction of Labelings in Terms of a Time-Variant Metric

The experiments reported in this section concern the learned operator
O : C®(T? x [0,T], Agg) — C°°(T?, R?*?) (5.30)

which parametrizes all variants of the sigma model in terms of the metric h; = O(Sy, t). Here the dependency of
the operator O on both the state 93 : T? — A, and the time ¢ € [0, 7] was taken into account.
We selected a set of training data
TS = {£:T? — [20]} (5.31)

consisting of pointwise labeled (segmented) tori with a random polygonal spatial structure. A color-coded sample
from the training set is depicted by Figure 5.3a. The objective of training was to learn a prediction map (5.30)
for the recovery of the ground truth labeling from a strongly corrupted input signal. We denote by Corr the
distribution of corruptions applied to the data. Figure 5.3b shows an example of a corrupted sample from the
training set.

We used a small neural network to define and parametrize a class of operators

C C C*®(T? x [0,T], Agg) — C°°(T?,R?*?). (5.32)

The learning task was formulated as the optimization problem

glélcl ]EO'NCOTT
L£eTS

ot

/W KL[S7(z) : £(z)] d*x s.t. get =75(64,0,0(64,t)), &y =0(L).

(5.33)

IThe second label configuration has been generated by clustering the RGB values of a realistic image of a mandrill by the k-means
clustering algorithm with 20 cluster centers. The resulting labels represent a valid configuration € : T2 — [20] depicted in 5.2c.

2The anisotropy index measures the distance of a matrix to the closed isotropic positive definite matrix, inside the cone of symmetric
positive definite matrices using the corresponding geodesic distance.
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(a) Initial configuration B (left) with close-up view of the patch

marked with red (right).
ROCTER L R T

Al i 78

(b) Fixed label configuration

~Bh w » el N

(c) Fixed label configuration
with complex spatial structure.

(d) Evolution of G after subsequent 100 gradient descent steps. The target labeling gradually emerges.

(e) The final state & correspond-
ing to the evolution (d). Pixels with
wrong label are marked black. The
approximation is nearly exact.

(h) The final state &7 of the evo-
lution analogous to (d). Pixels with
wrong label are marked black. The
approximation fails in non-smooth
textured regions.

4

(f) Visualization of the anisotropy index of
the conformally invariant part h=1/|h]|
of the fitted metric, after a histogram trans-
formation to enhance visibility of the top
range of values. Diffusion is strongly
anisotropic along edges and at junctions of
the target label configuration.
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(i) The anisotropy index of h~14/|h] for
the fitted metric h—1, after a histogram
transformation to enhance visibility of the
top range of values. The same conclusion
as for (f) can be drawn, where in this case
the edge structure is highly irregular, how-
ever.

0.5

(g) Visualization of the scale factor
1/+/|R] of the fitted metric, using the in-
verted color scale relative to (f). The
scale decreases at edges suppresses diffu-
sion across edges. Inside regions with con-
stant labeling, the scale increases and dif-
fusion progresses quickly.

0.0

(j) The scale factor 1/+/]h| of the fitted
metric (inverted color scale). Similar to the
anisotropy index of the metric (panel (i)),
the scale increases (decreases) in regions
with smooth (non-smooth) labeling.

Figure 5.2: Expressivity of sigma flow model depending on the fitted metric h.

39



In other words, the learned operator O is supposed to accomplish the following. If &y is a corrupted initial
configuration, then G should recover the uncorrupted configuration. In particular, this should hold for unseen
and independently sampled random test data from the same image class. The optimization problem was solved
through backpropagation and gradient descent.

Results of the test phase are shown by Figure 5.3c. In order to assess the effect of learning, we compared the
outcome of diffusion with the predicted metric with the outcome of diffusion using the flat metric 5. We observed
that the learned metric significantly improves the denoising capacities in comparison to the flat metric.

Furthermore, we tested the learned mapping (5.30) also on labeled real images £ whose spatial structure differs
considerably from those of the training images (Fig. 5.3d)>. Although the mapping O is merely parametrized by
a 2 x 2 metric tensor field, and by a corresponding small neural network that was separately applied at each pixel
for metric prediction, generalization to such more complex image structure happened to some extent, in particular
in regions with a spatial structure the resembles the training data.

In order to further interpret the output of the learned operator, we applied O to an unperturbed label configu-
ration £ and analyzed the time-averaged metric

T
ht :/ O(£,t)dt. (5.34)
0

Analogous to Figure 5.2, Figure 5.3e shows the anisotropy index the unit determinant part h~!4/|h| of the pre-

dicted metric, and Figure 5.3f shows the corresponding scale factor 1/4/|h|. The results show that the predicted
metric h~! generalizes fairly well the behavior shown by Figure 5.2 to such unseen novel test data.

3The labeling £ for this test was generated by applying k-means clustering with 20 cluster centers to the RGB values of the image kodim20
from the Kodak database https://rOk.us/graphics/kodak/ .
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(a) Few labeling samples £ from the training set.
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(b) Example of a corrupted inde- (c) Test results of the learned operator O for the input (b). Incorrectly labeled pixels are marked black.
pendent test sample. The learning Left: Prediction S of the sigma model using the flat metric 8. Center: Prediction S using the learned
objective is to predict the labeling metric O improves the performance. Right: Ground truth for this test sample.

shown as right-most panel (c).

(d) Evaluation of the learned operator O for a labeling dissimilar to the training set. Incorrectly labeled pixels are marked with black. Left:
Prediction G of the sigma model using the flat metric §. Center: Prediction & using the learned metric O improves performance. Errors
mostly occur at edges and in non-smooth regions. Right: Ground truth for this test sample.

(e) Anisotropy index of the conformally invariant part (f) Scale factor 1/ \/W of the time-averaged metric (5.34),
h=1/Ih| of the time-averaged metric (5.34), evaluated using evaluated using an uncorrupted test labeling £ (inverted color
an uncorrupted test labeling £. The absence of noise (in con- scale). The scale factor consistently decreases close to edges
trast to the training phase) slightly deteriorates prediction per- and suppresses diffusion. Note the inverted color map with re-
formance. Overall, however, the metric adapts well to oriented spect to 5.3e.

image structure.
Figure 5.3: Testing the operator O learned from simple label configurations using more complex configurations.
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6 Conclusion

6.1 Summary

Sigma flow model. This paper introduced the sigma flow model for image and metric data labeling on graphs.
The model is based on a generalized harmonic energy as objective function between a Riemannian domain and
target manifold, respectively. Geometric integration of the Riemannian gradient flow optimizes the mapping. The
flow is called ‘sigma flow’ because the approach resembles the mathematical structure of sigma models known in
quantum field and string theory.

Specific choices of the domain and target manifold and the generalized harmonic energy yield variants of
the sigma flow approach. We specifically focused on image data on a two-dimensional domain manifold and
the probability simplex equipped with the Riemannian Fisher-Rao metric. This variant of the sigma flow model
combines the Laplace-Beltrami approach to image denoising and enhancing introduced by Sochen, Kimmel and
Malladi about 25 years ago [SKM98] and the assignment flow for metric data labeling developed by the authors.
We proved that this sigma flow model constitutes a proper nonlinear geometric diffusion approach such that its
variant based on the generalized entropic harmonic energy constitutes a proper labeling approach.

Two-stage parametrization of structured prediction via sigma flows. A remarkable feature of our geometric
approach is the chain of self-referring time-variant parametrizations of large-scale structured prediction in terms
of sigma flows, as sketched by Figure 1.1 and repeated here for the reader’s convenience:

Ap,
Gt&ht—}>7(6t,g,ht) m@t (61)

The tension field 7 which governs the evolution of the state ¢ — &, is parametrized by the Laplace-Beltrami
operator Ay, that itself is parametrized by the Riemannian metric ; of the domain manifold. We showed that
by making this metric dependent in terms of a mapping O on both given data and the evolving state, our sigma
flow model covers a range of established nonlinear PDE models of mathematical image analysis. In particular, the
mapping O can be parametrized by a neural network whose parameters can be conveniently learned from data,
due to the inherent smoothness of our geometric approach and the robust numerics used for geometric integration
of the sigma flow.

Expressivity of sigma flows and learning the generator from data. We demonstrated the remarkable expres-
sivity of the sigma flow: any image structure can be generated from pure white noise by choosing properly the
domain metric h, i.e. the parametrization of the generator A, (Laplace Beltrami operator) of the generator 7(Ay,)
(tension field) of the sigma flow. This suggests to study the sigma flow model from the viewpoint of machine
learning, since the aforementioned succinct mathematical representation of structured prediction by nonlinear
sigma flows should enable strong task-specific adaptivity by using a compact set of parameters learned from data.

We briefly demonstrated this property using a fairly small neural network for the parametrization of the map-
ping O, that generates the domain metric h; as ‘seed’ of the sigma flow, according to (6.1). As proof of concept,
we showed empirically that learning in this way the generation of a field of 2 x 2 metric tensors (i.e. the evolving
discretized metric h;) enables to cope with a class of random polygonal scenes, even when contaminated with a
high level of noise. Furthermore, applying this trained model directly to more general labelings of real images
deteriorates prediction performance, but does not cause it to break down.

6.2 Further Work

The last statement raises the question: how rich have parametrizations of the time-variant metric h; to be in order
to generalize the labeling prediction performance to classes of real images? We point out that this specific question
differs from the general problem of the role of the parameters of general black-box deep networks, since

(i) a major part of the prediction performance is already ‘hard-wired’ by the geometric structure of sigma flows
and by geometric integration, which generates the ‘layers’ of a corresponding deep network;
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(i1) the parametrization only concerns the ‘generator of the generator’ of sigma flows, as discussed above in
connection with (6.1).

These issues regarding the feasibibility of low-dimensional parametrizations should also stimulate probabilistic
extensions towards generative models for discrete structured predictions, along the lines recently worked out using
assignment flows [BGAPS24].

Another aspect of our work concerns the appearance of ingredients of the transformer network architecture, as
outlined in Section 5.3, by adopting a ‘discretize first — then optimize’ approach. Since we adopted the antipodal
‘optimize first — then discretize’ approach which better conforms to the established mathematical structures of
PDE-based data analysis and mathematical physics, we hope that our work contributes to the field of geometric
deep learning and to promoting geometric design principles in other areas of scientific machine learning.
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A Appendix

A.1 Glossary of Symbols

Normal Font symbols

M

<Q>w?
S

o
—

Q
V)

N -

Bo>o 3

o

X67 Xm

SH e IR EnHT R SF

smooth closed oriented Riemannian manifold, image domain
smooth manifold and number of vertices of a grid graph
Riemannian metric on M

determinant of h

Riemannian metric on N

global sections of vector bundles on M

Euclidean metric (3.14) and Kronecker delta

smooth function M — R

time cylinder (0,T) x M of M of length T' (3.11)

volume form of h on M (2.1a)

(de-Rahm) differential on M (3.2)

weight matrix for S flow (2.20) and domain in R? for image functions (3.18)
open domain in R? (2.31)

time dependent gray value image u : Q27 — R (3.12)

for f: Mpr — Randt € (0,T): f; = f(t,-) is the constant time slice of f
two-dimensional torus S* x S*

tension field (3.7)

harmonic energy (3.5)

Laplace-Beltrami operator (3.9)

eigenfunctions of Ay, (4.28)

eigenvalues of Ay, (4.28)

expansion coefficients of ¥ in the basis ¢,, (4.64)

warp factor for anisotropic diffusion (3.20)

scalar function for the generalized diffusion ansatz (Perona-Malik, TV) (3.22)
conformal factor (3.30)

uniform boundedness of O

diffusion tensor (in the anisotropic diffusion setting) (3.18)
bounds for the matrix function 5 (4.30)

mass parameter (4.16)

number of labels (categories, classes)

probability simplex in R¢ (2.9)

relative interior of the simplex A, (2.10)

coordinate charts on A, (2.11)

m-coordinates on A, (2.12)

e-coordinates on A, (2.12)

dimension ¢ = ¢ — 1 of A,; index range of local m- and e-coordinates (2.11)
tangent space to A, (4.108)

tangent vector v € Tp

orthogonal tangent space projection (4.109)

replicator operator (2.25)

softmax function (4.110)

parameter for a-connections on A, see (2.19)

Christoffel symbols on A, (2.18) and sections of vector bundles
negative entropy (2.16)

entropy H = —¢ (2.30)

shifted negative entropy (2.16)

convex (Legendre-Fenchel) conjugate v = ¢* of ¢ (2.14)
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Egs continuous domain S flow energy (2.31)

Ez entropic harmonic energy (4.16)

A sphere map (4.100)

KL Kullback-Leibler divergence for probability vectors (2.16) and
Kullback-Leibler divergence extended to assignment matrices (5.28)

TS test set used in (5.31)

Corr  probability distribution used for corrupting labelings; cf. (5.33)

Symbols for smooth quantities

Fisher Rao metric (2.17¢)

parameter regularizing the Fisher-Rao-metric (4.21)

partial derivative along #-coordinates on A, (2.6)

smooth function M7 — A, smooth analog of assignment matrix S (4.4)
smooth function 3: M — A, starting point of sigma flow, smooth analog of P (4.4)
m-coordinate expression p = x,, o &; of G, (4.5)

e-coordinate expression ¥ = x. o &; of &; (4.5)

&, mapped s = A o &, to the sphere (4.101)

tangent space representation vt = sm~! o &, of &, (Prop. 4.27)
composition ¥ = 1) o G; of the Hessian potential of (4.10)

label configuration T? — [20] used in experiments (5.27)

LEesS® STRREY A

Symbols for discretized quantities

S assignment matrix, spatial discretization of & (5.2)

Lo Q-induced discrete Laplacian (2.27)

P assignment matrix, starting point for S flow (2.24), (2.29), spatial discretization of 13
h discretization of h (5.3)

L, discretization of Ay (5.8)

D  discretization of 9, (5.11)

O  discretization of O (5.5)

Calligraphic Symbols
H Gaussian mean curvature
N surface normal vector

WX assignment manifold (2.22)
graph G = (V,€)
graph vertices
graph edges
S flow potential (2.23)
operator mapping states to metrics (3.18), (3.20), (3.26), (4.4), (5.30), (5.33)
(o-flow), (o-a flow), (o-@p-flow), (o-p-a flow)
class of functions parametrized by a neural network (5.32)
matrix function (4.29)
metric space

CW ™

oo

We deliberately overload some symbols when there is no danger of confusion due to the context.
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A.2 Implementation Details

Numerics. For assessing the convergence behavior of the sigma flow (Section 5.4), we numerically solved the
ODE problem corresponding to the semi-discrete sigma flow (5.12) using a geometric Runge-Kutta scheme of
order five with adaptive step size implemented via the Python libraries Diffrax [Kid21] and Jax [BFH' 18], and
with the standard 5-point stencil for discretizing the flat Laplacian A on T2. The Adabelief first-order optimizer
[ZTD*20] was employed with step size 0.01.

For the computationally more expensive experiments reported in Sections 5.5 and 5.6, we used the simplest
geometric Runge-Kutta scheme, i.e. geometric Euler integration, to speed up the optimization, with end time
T = 2, mass parameter m? = 4 and a constant step size of 0.2. In the first experiment, we used the Adabelief first
order optimizer [ZTD*20] with step size 0.01. Here the step size of Adabelief was reduced to 10~%.

Noisy labelings. The corrupted labelings for the experiments in Section 5.6 were created by first applying
label smoothing with smoothing factor 0.8, followed by applying the logarithm, projection to the unit sphere,
addition of noise sampled from the standard normal distribution N (0, 0.2), projecting again to the unit sphere
and applying softmax. For visualization, we rounded pixelwise to the label with highest probability and applied a
color code.

Parametrization of the metric h. We specify the parametrization of the positive definite 2 x 2 matrices h(¢),
(cf. (5.4)). For simplicity, we drop the subscript a indicating the dependency on the grid points that are used to
discretize the domain manifold M. We reuse below the symbol a with a different meaning confined to this section.

The three degrees of freedom of the metric tensor are given by z, y, z € R. The inverse metric tensor bounded
from below by 0.01I5 has the form

1/a b
-1 _
h™ = v(b c)’ (A.1)
where we set -
A=o(z)+0.01l, a= 5 tanh(y), v =o0(z)+0.01 (A2)
with the sigmoid function
1
- A3
o) = (A3)
and the matrix entries
1
a = \+sin?(a)A, b = Asin(a) cos(a), c=\+cos?(a)A, A= T A (A4)

This parametrization guarantees that the resulting matrix »~! is symmetric positive definite and its smallest eigen-
value is not smaller than 0.01. For the experiments reported in Section 5.5, we applied this function to a parameter
matrix of size RY >3, described below as part of the neural network architecture, along the last dimension to obtain
a metric.

Neural network. The neural network employed for the learning experiments of Section 5.6 contained a single
convolutional layer with kernel size 15 x 15 and 64 filters padded so as to preserve the number of vertices in the
discretized tori. Following the convolutional layer, we applied a multilayer perceptron with 3 hidden layers of
dimensions 32, 16, 4 and output dimension 3 at each pixel separately. Using the 3 dimensional output vectors, the
metric h~! was constructed by applying of the function R? — R2*2 described above.
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