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Abstract This paper introduces the unsupervised as-
signment flow that couples the assignment flow for su-
pervised image labeling [3] with Riemannian gradient
flows for label evolution on feature manifolds. The lat-
ter component of the approach encompasses extensions
of state-of-the-art clustering approaches to manifold-
valued data. Coupling label evolution with the spatially
regularized assignment flow induces a sparsifying effect
that enables to learn compact label dictionaries in an
unsupervised manner. Our approach alleviates the re-
quirement for supervised labeling to have proper labels
at hand, because an initial set of labels can evolve and
adapt to better values while being assigned to given data.
The separation between feature and assignment man-
ifolds enables the flexible application which is demon-
strated for three scenarios with manifold-valued features.
Experiments demonstrate beneficial effect in both direc-
tions: adaptivity of labels improves image labeling, and
steering label evolution by spatially regularized assign-
ments leads to proper labels, because the assignment
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flow for supervised labeling is exactly used without any
approximation for label learning.
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1 Introduction
1.1 Motivation.

Geometric methods based on manifold models of data
and Riemannian geometry are nowadays widely em-
ployed in image processing and computer vision [35].
For example, covariance descriptors play a prominent
role [35,14]. Covariance descriptors are typically ap-
plied to the detection and classification of entire images
(e.g. faces, texture) or videos (e.g. action recognition),
or as desciptors of local image structure. An important
task in this context is to compute a codebook of covari-
ance descriptors that can be used for solving a task at
hand like, e.g., image classification by nearest-neighbor
search [15], or image labeling [24] using the codebook
descriptors as labels.

The recent work [19] introduced a state-of-the-art
method for computing such codebooks. After embedding
descriptors into a reproducing kernel Hilbert space [21],
given data are approximated by a kernel expansion, and
a sparse subset can be determined by ¢;-regularization
of the expansion coefficients. This method works en-
tirely in feature space, however, and ignores the spatial
structure of codebook assignments to data, which is un-
favorable in connection with image labeling. Figure 1.1
illustrates why the spatial structure of label assignments
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Fig. 1.1 Importance of spatially regularized assignments for label learning. (a) Input data: a synthetic image corrupted by
Gaussian noise. (b) 4 (c¢) The classical two-step approach of clustering in feature space first (panel b) followed by supervised label
assignment (panel c¢) performs poorly, despite spatial regularization. (d) By coupling label evolution and spatially regularized
assignment both the label set and the labeled image can be drastically improved. (e¢) Ground truth labeling and label set. Label
set resulting from (b), (d) and (e) are depicted below the respective image labeling results.

should also drive the evolution of labels in feature space
for unsupervised label learning, if the resulting labels
are subsequently used for supervised image labeling for
which spatial regularization is typically enforced as well.
We show in this paper how the approach of [3] to
spatially regularized label assignment can be combined
with basic clustering approaches after extending the
latter to feature manifolds, to perform wunsupervised
label learning from manifold-valued feature data through
spatially regularized label assignment. Our approach is
consistent and natural in that the very same approach
[3] for supervised image labeling is also used for the
unsupervised learning of proper labels for this task.

1.2 Related Work, Contribution

The classical approach for the unsupervised learning of
feature prototypes (‘labels’) is the mean-shift iteration
[17,16], which iteratively seeks modes (local peaks) of
the feature density distribution through the averaging
of features within local neighborhoods. This has been
generalized to manifold-valued features by [33], by re-
placing ordinary mean-shifts by Riemannian (Fréchet,
Karcher) means [25]. The common way to take into
account the spatial structure of label assignments is to
augment the feature space by spatial coordinates, e.g. by
turning a color feature (r,g,b) into the feature vector
(z,y,7,9,b). This merge of feature space and spatial
domain has a conceptual drawback, however: The same

color vector (7,7, b) observed at two different locations
(21,y1,7,G,b), (x2,92,7,7,b) defines two different fea-
ture vectors, and hence these two feature vectors may
be assigned to different prototypes during clustering
despite containing the same color information. Further-

more, clustering spatial coordinates into centroids by

mean-shifts (together with the features) differs from un-
biased spatial regularization as performed by variational
approaches, graphical models or the assignment flow
approach of [3], where regularization does not depend
on the location of centroids and the corresponding shape
of local density modes.

We introduce a novel approach which has the following
properties:

(i) The approach incorporates and performs unsuper-
vised learning of manifold-valued features, hence-
forth called labels. The approach applies to any fea-
ture manifold [33] for which the corresponding op-
erations defined below like, e.g., Riemannian means
are well-defined and computationally feasible. Ex-
periments using S!-valued data (2D-orientations),
SO(3)-valued data (orthogonal frames) and fea-
tures on the positive definite matrix manifold (co-
variance descriptors) illustrate our approach.

(ii) The evolution of labels (unsupervised learning) is
driven by spatially reqularized assignments which
are not biased towards any spatial centroids. This
is accomplished by applying the smooth geometric
assignment approach to image labeling recently
introduced by [3].

(iii) The smooth settings of both (i), (ii) enable to
define a smooth coupled flow
(M, W) =V(M,W) (1.1)

where M denotes the evolution of labels and W the

evolution of spatially regularized label assignments

that interact through a coupling vector field V.

Concrete instances of (1.1) are (4.35), (4.38) and

(4.40). This interaction keeps both domains (i) and

(ii) separate and hence enables to apply flexibly
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our approach to various feature manifolds, using
the same regularized assignment mechanism.

A preliminary version of this paper [38] introduced the
approach called ‘coupled flow A’ in this paper. The
present paper elaborates this conference paper in many
ways as illustrated by Figure 1.2, including a general-
ization to a one-parameter family of coupled flows and
a more comprehensive experimental evaluation.

1.3 Organization

After introducing notation from differential geometry
and providing mathematical background on divergence
functions in Section 2, three basic clustering concepts
are summarized in Section 3. While greedy-based k-
center clustering (Section 3.3) will only serve as a pre-
processing step, soft-k-means clustering (Section 3.1)
and divergence-based EM-iteration (Section 3.2), which
perform classical label evolution by mean-shift itera-
tion, will be building blocks for subsequent methods
(see Figure 1.2). First these two methods are adjusted
to manifold-valued data (Section 4.1.1 and 4.1.2), and
then each of them is modified and coupled with the
assignment flow (Section 4.2) that induces a sparsifying
effect through spatial regularization. Coupling with soft-
k-means leads to the ‘coupled flow A’ (Section 4.3.1),
while coupling with EM-iteration leads to the new ‘cou-
pled flow B’ (Section 4.3.2). Afterwards we provide a
more general natural definition of a one-parameter fam-
ily of unsupervised assignment flows (Section 4.3.3) that
smoothly interpolates both coupled flows and includes
them as special cases. Numerical integration of the un-
supervised assignment flow is discussed in Section 4.4.
Section 5 deals with particular feature manifolds that
will be used as case studies and numerical experiments
in Section 6.

1.4 Basic notation

Weset [n] = {1,2,...,n} forn € Nand 1 = (1,1,...,1)"
with dimension depending on the context. Fuclidean
vectors are enumerated by superscripts with components
indexed by subscripts z! = (z%,...,2%)T € R% (-,-) de-
notes the Euclidean inner product (u,v) = ;¢ wivi
of two vectors or the Frobenius inner product (A, B) =
tr(AT B) for matrices. Throughout the paper, the sym-
bols I, J denote
I: set of data indices,

- (1.2)
J: set of label indices,
with cardinalities |I| and |J|. The relation A > 0 (A = 0)
indicates that a symmetric matrix A = AT is positive

(semi-) definite. The (d — 1)-dimensional probability
simplex is denoted by

Ag={zeR% 2;>0,i€e[d, (1,z) =1} CR. (1.3)

For strictly positive probability vectors 0 < p,q € 4,
we denote componentwise multiplication and division
efficiently by pg and %, respectively. It will be conve-
nient to denote the exponential function with vectors
as argument in two alternative ways,

@ def

exp(z) = e = (e%1,...,e%) "

7 (1.4)
and similarly with log(z) and strictly positive vectors
x> 0. (M, g) generally denote some Riemannian mani-
fold M with metric g, whereas S, W, Ps denote specific
Riemannian manifolds defined in subsequent sections.
In this context the symbols

exp ¢ exponential map of manifold M — cf. (2.5)

Exp, : a-expontial map (with a = 1) of the open
simplex § — cf. (4.16)
exp, : lifting map onto S — cf. (4.18)

with subscript denote (exponential) maps of M or S in
particular and should not be confused with the expo-
nential function (1.4) that is uniquely denoted without
subscript.

2 Background

This section collects background material required in
this paper. Section 2.1 covers basic notion of differential
geometry. We recommend [27,23] for further reading.
Section 2.2 recalls the notion of a divergence function.
Such functions are used in applications in lieu of the
squared Riemannian distance if evaluating the latter is
computationally too involved. See [7] for a survey and
[1] for a mathematical account. Concrete divergence
functions will be considered in Section 5.

2.1 Basic Notions from Differential Geometry

Let (M, g) be a Riemannian manifold with metric g.
We denote the tangent and cotangent space at p € M
by TyM and Ty M. F(M) denotes the set of smooth
functions f: M — R and X(M) denotes the set of all
smooth vector fields, i. e. smooth sections X : M — T'M
of the tangent bundle T'M. Subscripts X, € T, M indi-
cate the evaluation of a vector field X € X(M). Further,
X*(M) denotes the set of all smooth covector fields (i.e.
one-forms). df € X*(M) denotes the differential of a
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soft k-means (Sec. 3.1)

\4
soft k-means on M (Sec. 4.1.1)

assignment flow (Sec. 4.2)

coupled flow A (Sec. 4.3.1)

unsupervised assignment flow (Sec. 4.3.3)

A

divergence-based EM (Sec. 3.2)

y

divergence-based EM on M (Sec. 4.1.2) ’

Y

y

coupled flow B (Sec. 4.3.2)

k-center clustering (Sec. 3.3)

.
.
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Fig. 1.2 Organization of this paper: Three basic clustering algorithms are summarized in Section 3. To of them, soft-k-means
clustering and divergence-based EM-iteration, are generalized to feature data taking values in a Riemannian manifold M and
coupled with the (spatially regularized) assignment flow. A smooth interpolation of the resulting coupled flow A and coupled flow

B finally defines the unsupervised assignment flow.

function f € F(M) and df (X) and df,(v) its action on
X € X(M) and v € T, M. We use both notations

9(X,)Y)=(X,Y),, X, Y eX(M) (2.1)
when evaluating the metric. The Riemannian gradient

of a function f € F(M) is the vector field

grad f € X(M) (2.2a)
defined by
(grad f, X), = df (X) = X f, VX € X(M). (2.2b)

Let g denote the linear tangent-cotangent isomorphism®

7: X(M) = X7 (M),
gO(Y) = g(X,Y),

(2.3a)

VXY € X(M) (2.3b)

that associates with a vector field X the covector field
g(X) =g(X,-). Then by (2.2b),
grad f = 5~ (df) (2.4)
The exponential map at p

eXppgp: Vp = M, V> eXvap(v) B Y (1) (2.5a)
is defined on

Vp = {v € T,M: ~, is defined on [0, 1]} (2.5b)

in terms of the geodesic ~,(t) through p = +,(0) with
velocity v = 4,(0).

The weighted Riemannian mean [23, Def. 6.9.1] of
a collection p1,...,pn € M of points with respect to

1 The maps g and g~ ! are sometimes denoted with b and

# in the literature (‘musical isomorphism’). We stick to the
notation from [27] here.

weights w = (wq,...,w,) € A, is the point ¢ € M

satisfying

Jw(q) = inf J,(p),

peEM

1
i€[n]

(2.6)

where dy(q,p) denotes the Riemannian distance, i.e. the
infimum of the length of all smooth paths connecting ¢
and p on M. We have [23, Lemma 6.9.4]

grad, J, = — Z w; exp]/ip(pi) e T,M (2.7a)
i€[n]

and hence the optimality condition for ¢

Z wy expjwl_’q(pi) =0. (2.7b)

i€[n]

This equation is typically solved by the mean shift (fixed
point) iteration

1,2,...

g+ — OXP g ( Z w; expj\qum (Pi)), t
i€[n]

(2.8)

with a suitable initialization ¢(©).

2.2 Divergence Functions

Bregman divergences are distance-like functions of the
form

Dy: dom ¢ x int(dom ¢) — Ry,

Dy(z,y) = ¢(x) = ¢(y) = (Vo(y), z — y),
induced by smooth convex functions ¢: R — R of

Legendre type [13,9]. The second argument of Dy is
admissible only in the interior of the domain of ¢, where

(2.9a)
(2.9b)
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¢ is continuous differentiable with finite gradient V.
Divergences Dy satisfy

Dy>0 and Dy(z,y)=0 < z=y,
V2Dy(z,y) = 0, Vz € int(dom ¢).

(2.10a)
(2.10b)

The former property shows that D, behave like a dis-
tance, but symmetry Dy(z,y) = Dy(y,x) is not re-
quired and generally does not hold. The second prop-
erty (2.10b), i.e., the Hessian is positive definite, shows
that Dy can be used to define a Riemannian metric in
order to turn an open subset of a Euclidean space into
a manifold.

More generally, given a d-dimensional Riemannian
manifold (M, g), a function Dy: M x M — R is a
proper divergence function defined on M if, for any
chart U C M with local coordinates z: U — R? and
p,q € U, the function

Dy (z(p), 2(q)) = Dy(p, q)

satisfies (2.10a) and recovers the positive definite metric
tensor by

(2.11a)

1
~3 Z 9i5(P)zi%j,

i,j€ld]

Dy (p,q) (2.11b)

for z = x(q) — z(p) and small ||z||.

Two further facts are relevant for the present pa-
per. Firstly, the function Dy (p, ¢) = 2dy(p, ¢)* defines a
canonical divergence function on a Riemannian manifold
(M, g) in terms of the squared Riemannian distance dg.
Secondly, alternative divergence functions D, satisfying
(2.11) are required in many applications, that serve as
surrogate functions in (2.6) for the squared Riemannian
distance d3 (pi, p) and are easier to evaluate computation-
ally. Concrete divergence functions in connection with
unsupervised label learning will be studied in Section 5.

Likewise, in information geometry, the Riemannian
(Levi-Civita) connection is replaced by another affine
connection in order to define a divergence function
through affine geodesics and corresponding squared dis-
tances. We refer to [2, section 3.4], [1] and [4, section 4.4]
for background and further details. A concrete applica-
tion are provided by the assignment manifold (Section
4.2) and corresponding concepts defining the assignment
flow in Section 4.2.

3 Basic Clustering
We briefly summarize in this section the basic iterative
schemes

— soft-k-means clustering in Euclidean spaces (Section
3.1),

— clustering using mixture distributions, divergence
functions and the EM-algorithm (Section 3.2), and

— greedy-based clustering in metric spaces (Section
3.3).

The first two approaches will be generalized to manifold-
valued data (features) in Section 4.1 and coupled with
the assignment flow for spatial regularization in Section
4.3.

Greedy-based k-center clustering applies to any met-
ric space, in particular to manifolds with the Riemannian
distance or a suitable divergence as surrogate distance
function. The method has linear complexity and comes
along with a performance guarantee. Hence this method
is suited for fast data selection in a preprocessing step,
to obtain an overcomplete codebook (set of prototypes)
as initialization for manifold-valued clustering, which
subsequently optimizes and sparsifies this codebook in
a computationally more expensive way.

3.1 Euclidean Soft-k-Means Clustering

The content of this paragraph can be found in numerous
papers and textbooks. We merely refer to the survey
[34] and to the bibliography therein.

Given data vectors z!, ..., zl!l € R%, we consider the
task of determining prototype vectors
M ={m',...,m’} c R (3.1)

by minimizing the k-means criterion?

EM) = ernelgl lz* —mi|]? = Zvecmin(Di(M)),

iel i€l
(3.2)
where
Di(M) = (Dj (M), ..., Dy (M)) (33)
= (2" —=m!|%,..., [l=* — mI1|?) .
and
vecmin(z) = min{zi,...,2zq¢}, z€RY deN. (3.4)

jeld]
Soft-k-means is based on the smoothed objective
l2* —m? ]2
EE(M):—azlog<Zexp(— )), e>0

iel jeJ <
(3.5)

2 The symbol ‘k’ is commonly used in the literature. We
prefer in this paper however the more specific symbol J as
index set for prototypes and use k (like 4, j etc.) as free index.
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which results from approximating the inner minimiza-
tion problem of evaluating F (M) using the log-exponen-
tial function [30, p. 27] with smoothing parameter e.
Similar to the basic k-means algorithm, soft-k-means
clustering solves the stationarity conditions

VmiEB(M)=0, jelJ (3.6)
by fixed point iteration in terms of iteratively computing

the soft-assignments

pi (M): exp(_Dij(M)/E)

= Sresexp (= Din(M)/e)’

; (3.7a)

q (M):M, iel, jelJ

ot D ker plg,j(M)
with the so-called mean shifts
m! = "¢ (M)a', jeJ. (3.7b)

iel

The distributions
pi(M) €Ay, i€l (3.8)

given by (3.7a) represent the soft-assignments pt ](M )
of each data point z¢, i € I to each prototype m?, j € J,
whereas the d1str1but10ns

(M) € Ay,

determine the convex combinations of data points that

jed (3.9)

determine each prototype m’ by the mean shift (3.7b).

Iterating the two steps (3.7) evolves the prototypes M

until they reach a local minimum of the objective (3.5).

3.2 Divergence Functions and EM-Iteration

An alternative and widely applied approach to clustering
utilizes class-conditional distributions p(z;6;), j € J
and a corresponding mixture distribution

ry=> mp(x;0;) (3.10)
jeJ
as data model, with parameters
= (0,m), 0= (61,...,0,5),
(0,m) - (01 171) (3.11)
= (m,...,my) €S,

with the relative interior of the probability simplex

S d:efrintA‘J‘ ={pe RIVI: p; >0,j€ed, (1,p) =1}
(3.12)
Clustering amounts to estimate the parameters I". Since

the log-likelihood function corresponding to (3.10) is
usually involved, maximizing a lower bound through the

p(jla's 1) =

EM-iteration (EM: expectation-maximization) is the
method of choice,

7T( p(a’; 9”)
ZleJWz(t)p($Z§91(t))

jedJ

(E-step, soft-assignment) (3.13a)
J(m) 7l Zp jlaty r®),
iel jed.
0V = argmax > p(jla’; 1)) log p(a'; 0;),
i el
(M-step) (3.13b)

for some initialization I'(®). We refer to [28] for back-
ground and further details.

Banerjee et al. [5] studied the case where the class-
conditional distributions p(z;6;) of (3.10) belong to an
exponential family of distributions [6] and, in particular,
their representation in terms of a Bregman divergence
function Dy. Then the resulting data model (3.10) reads

I’):ijexp(—

jeJ

Dy(f(@),n;))bs(),  (3.14)
where f denotes a sufficient statistics regarded as fea-
ture vector, the factor by accounts for normalization
and n; = Vy(6;) is determined by 6, through conju-
gation of the convex log-partition function ¢(6;) =
log [ + p(x;0;) dx. The corresponding EM-updates read

0 exp (— Dg(f(a),n'))

p(jila’s 1) = : ;
ZleJ " exp (= Dy(f(a?), m(t)))
(E-step, soft-assignment) (3.15a)
(t+1) (f)
= Zp jlats 1),
iel .
(t+1) _ . (t) RGN /
n; —argmanVﬂi(F )Dg (f(z )s1; )
M er
(M-step) (3.15b)
v (K = p(jlz TM) (3.15¢)

Zke] P(]|5Ck F(t))

Moreover, since the Bregman divergence Dy is induced
by a convex function ¢ of Legendre type, the parameters
n;, j € j can be updated by the mean-shifts

t+1) i
va fat),

el

jed (3.16)

We exploit the above connection to divergence functions
in Sections 4.1.2 and 4.3.2.
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3.3 Greedy-Based k-Center Clustering in Metric Spaces

We adopt a simple greedy algorithm from [18] as a pre-
processing step for data reduction, due to the following
properties:

— It works in any metric space (X,dx),

— it has linear complexity O(|J||I]) with respect to
the problem size |I| which can be large,

— it comes along with a performance guarantee.

The task of k-center clustering is as follows. Given data
points

X;={zt,... 2} c X, (3.17)
the objective is to determine a subset
M={m', ..., m7} c Xx; (3.18)

that solves the combinatorially hard optimization prob-
lem
E: =

Eoo(M), (3.19a)

min
MCXy,|M|=|J|

Ex(M) = max dx(a, M),

(3.19Db)
where dx (x, M) = ming, e dx (z, m). This problem is
approximated by a greedy iteration: Starting with a
randomly chosen point m! € X, the remaining |J| — 1
points m?, ..., m!’l are selected by choosing mF*! € X;
with the largest distance to the the points m!, ..., mF.
This greedy strategy possess the following performance
guarantee: The resulting set M is a 2-approximation
of the optimum (3.19), i.e. Ex(M) < 2E% . We refer
to [18, Thm. 4.3] for the proof. As a consequence, the
subset M of |J| points are almost uniformly distributed
in X; as measured by the metric dx. Figure 3.1 provides
an illustration.

We note that the performance guarantee follows by
the triangle inequality, while the complexity is indepen-
dent of the properties of a metric space. We will later
apply this algorithm in the context of clustering on a
Riemannian manifold M, where we have given a smooth
(symmetric) divergence function D on M. Most of these
divergence function are squared distances, so that the
performance guarantee also hold in this case. One excep-
tion might be the rotation-invariant dissimilarity (5.27).
Nevertheless, the greedy k-center clustering is applicable
but without having a performance guarantee. We will
use greedy k-center clustering as preprocessing in order
to get an overcomplete set of labels as initial labels for
the clustering approaches described in the next section.

Fig. 3.1 Approximation of the k-center clustering ob-
jective (3.19). LEFT: 10.000 points on the sphere regarded as
manifold equipped with the cosine distance. RIGHT: 200 proto-
types determined with linear runtime complexity by metric
clustering are almost uniformly located in the data set, which
qualifies them for unbiased initializations of computationally
more involved nonlinear prototype evolutions. This works in
any metric space, in particular on feature manifolds using
the Riemannian distance or computationally less expensive
divergence functions.

4 Coupling Clustering on Manifolds and
Spatially Regularized Assignment

We reformulate in Section 4.1 the iterative schemes of
Sections 3.1 and 3.2 in order to cope with manifold-
valued data. Both schemes will be coupled in Section 4.3
with the assignment flow that is presented in Section
4.2. This results in two novel schemes for spatially regu-
larized label (prototype) learning from manifold-valued
data. Finally, we define in Section 4.3.3 the unsupervised
assignment flow as smooth interpolation of the flows
corresponding to both schemes, depending on a single
interpolation parameter.

4.1 Manifold-Valued Clustering

We generalize the basic iterative clustering schemes of
Sections 3.1 and 3.2 to manifold-valued data.

4.1.1 Manifold-Valued Soft-k-Means Iteration

Let (M, g) be a smooth Riemannian manifold and let

{(z4,.... My c M (4.1)

be given data. We assume a smooth divergence function
to be given (cf. Section 2.2)

D: MxM—=R, (z,y) — D(x,y) (4.2)

that replaces the Riemannian distance d, in order to
compute Riemannian means more efficiently or even
in closed form. We just use the symbol “D” and omit
the subscript of (2.9), because what follows applies
to various scenarios and to any corresponding concrete
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divergence function D. Examples are provided in Section
5.
We consider the task to determine a set of prototypes

M={m' ....m’} c M (4.3)
by minimizing an objective function analogous to the

soft-k-means objective (3.5),

E.(M)¥ E.(m*,...,ml"l
= —sZIOg<Zexp( (= mj)))»
el jeJ

e>0. (4.4)

We next generalize the conditions (3.6). Let d; E. (M)
denote the differential of the function

m/ — E.(m',...,mJ,...,ml'!). Then
D(z*,m7)
exp (— =227 i
djEs(M) = Z ( E(lel) dJD(Z 7mj)
el Siesexp (— =)
d:efp;7(M)
—Zpaj )d;D(2*,m?), jeJ,

(4.5)

where the assignment probability vectors p’(M) €
A\ play the same role as in eqns. (3.7a) and (3.8).
They can be interpreted as weight functions depending
on the prototypes M: setting temporarily w; = pé’j (M),
i € I, implies that eq. (4.5) has the same structure as
the equation on the right of (2.6) after applying the
differential on both sides, where we take into account
that divergence functions D(-, ) behave like squared dis-
tances (Section 2.2). Applying formula (2.4), we obtain
the gradients and optimality conditions

(grad E.);(M) =g ' (d; E.(M))

_ZPEJ M)g—'(d;D(z*,m?)) =0,
i€l

jeJ (4.6)
Comparing with (3.6) shows that, in the Euclidean case,
the mean shift operation (3.7b) is defined by normalized
weights qu(M ) due to (3.7a), conforming to the much
more general situation (2.7a). While normalization in
(3.7a) is a consequence of the squared Euclidean distance
of the objective (3.5), this may or may not happen in
(4.6), depending on the particular manifold M, metric g
and divergence function D at hand. Because subdividing
each optimality condition (3.6) by the corresponding

normalization factor in (3.7) does not change the condi-
tion, however, and because mean-shift on manifolds is
performed with normalized weights, we define

. exp ( — AD(Zi-,mj))
pé,j(M) = E(zi,ml) , (4.7a)
Piesexp (= =27
,(M)=="—— i€l jelJ (4.7b)
: Zke[p];,j(M)

and in turn the mean shift (fixed point) iteration

(7))

XDt (o (D (M) (d; D(m)) D, 21)) )
il
jed (4.8)
analogous to (2.8). Section 5 provides concrete examples
for divergence functions on manifolds.

4.1.2 Manifold-Valued EM-Iteration

We consider again the situation (4.1)—(4.3) and adopt
the clustering approach of Section 3.2. Iteration (3.15)
generalizes to

(®)

Y exp (= D(2¢. (m?)®
o] a0y = T exp (= DG (m))D))

Yy 7Tl(t) exp ( — D(z%, (ml)(t))) ’

(E-step, soft-assignment) (4.9a)
A = LS o)
|J| el
(m?)tHD) = arg min Z Vj‘i(M(t))D(zi, (mj)(t))7
m? icl

(M-step) (4.9b)

. ; t
(M) = PUES M) (4.9¢)

Zke[ p(j |Z s M@ )

Note that we apparently ignore here the connection to
class-conditional distributions p(z; ;) of the exponential
family that formed the basis for the EM-iteration (3.15).
This is not the case, however. Indeed, optimization prob-
lem (4.9b) which determines each prototype m? by min-
imizing the expected value of a squared distance-like
function, conforms to the updates (3.15b) and (3.16)
of the expectation parameter n; = V(0;) = Eg,|[fi],
where the expectation is with respect to p(z;6,) and
the sufficient statistics f;(x).

In order to solve problem (4.9b), we proceed analo-
gously to (4.6). Examples with concrete choices of D(-,-)
are worked out in Section 5.
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4.2 Supervised Assignment Flow

In this section we review the assignment flow introduced
in [3]. An overwiew of more recent work can be found
in [31]. For the (information) geometric aspects of the
probability simplex we refer to [2, Section 2.5].

Let data be given by (4.1) together with fized labels
(prototypes) (4.3). The index set I corresponds to pixel
locations i € I and extracted features 2%, i € I, whereas
the index set J enumerates the labels (class represen-
tatives, prototypes) m’, j € J. After fixing a suitable
divergence function (4.2), the distance vectors

D;(M) = (D(z*,m"),...,D(z*,m")) e RV, ieT
(4.10)

are defined. The approach [3] is based on the relatively
open probability simplex of strictly positive vectors

S={peR’l:p; >0, jeJ (1,p)=1} (4.11)
with the uniform distribution as barycenter,

o 1
1s = mlm, (barycenter of S) (4.12)

that becomes a Riemannian manifold when equipped
with the Fisher-Rao metric

gp(uvv) :Zwv ’U,71)7€T0, pESa (413)
P pj
jeJ

where Ty denotes the tangent space

T =T S={veR’:(Lv)=0}, pesS  (414)

that we will work with throughout this paper, in lieu of
the tangent spaces T,8 = {u = %: v €Ty}, p €S that
are equivalent up to the normalization. We denote by

Rpi R‘J‘ — To,

R,(d) = (Diag(p) —pp")d =p(d — (p,d)1), peS

(4.15)

a family of linear mappings onto T parametrized by p.

Adopting the a-connection with @ = 1 from infor-
mation geometry as introduced by Amari and Chentsov
[2, Section 2.3], affine geodesics and a corresponding
exponential map are given by

Exp: S xTy — S,

(p,v) — Exp,(v) =
(4.16)

These geodesics are not length minimizing unlike the
geodesics induced by the Riemannian (Levi-Civita) con-
nection, but they closely approximate them [3, Prop. 3]

and are computationally more convenient to work with.
In particular, unlike exponential maps in general
(cf. (2.5)), the map Exp, is defined on the entire space
Tp and has the inverse [3, Appendix]

Expt: S xS — T,

_ 4.17
(p7 q) = Epr 1(q) = Rp logga ( )

with R, given by (4.15). The composition of (4.16) and
(4.15) defines the map?

exp,, £ Exp,oR,,: RVI =T, ®R1 — S,

exp,(z) = et peS.

These mappings apply to assignment vectors

W, esS, iel, (4.19)
associated with each pixel ¢ € I that represent the a

posteriori probabilities

Wij = Pr(jl2'), i€l jel (4.20)

The assignment vectors form the row vectors of the
assignment matrix

W=|w'|=(-wi--)yewcrRXN (21

whose column vectors are denoted by W7, j € J. Due
to (4.19), W € W is regarded as point on the

WESx...x8 (assignment manifold) (4.22)

|I| times

with tangent space

To=Tox---xTy (|| times) (4.23)
and the corresponding mappings
1w = (1s,...,1s) € W (barycenter)
(4.24a)
Rw(2) € (Rw,(Z1),...,Rw.,. (Z1)) € To,
w(Z) = (Rw,(Z1) w (Zin)) € To (4.24b)

Wew, ZzeRHXIIL
Expy (V) &f (EXle(Vl), e Expwm (V|1|)) ew,

wWew, Ve,
(4.24c)

3 Note that the symbol exp,, does not contain the subscript
S in order to distinguish it from the definition (2.5) for general
manifolds M
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and expyy,, Expyy' similarly defined based on (4.18),
(4.17).
We assume neighborhoods

Ni={kel:ike&}u{i}, iel (4.25)
to be defined around each pixel ¢ € I, formally given
by a graph G = (I,€) with pixel indices I as vertex
set and edges £ defining (4.25). We associate with each

neighborhood N; weights {w;: k € N;} satisfying

Z wig = 1,

kGNi

wy > 0, Viel. (4.26)

These weights parametrize the regularization property
of the assignment flow and are assumed to be given. We
refer to [22] for an approach to learn these parameters
from data. (4.25) and (4.26) define the geometric mean
of assignment vectors [3, Lemma 5]

G (W) Bxpy, (3 wa Bxoyl (W)
kENi
HkENi W]:Ulk )

W i1el,

= expyy, (log
(4.27)

which defines — specifically for the assignment manifold
(4.22) — a closed form solution to the general equation
(2.7b) that can be computed efficiently.

Using this setting, the assignment flow accomplishes
image labeling as follows. Based on (4.10)

D= (Dy,...,Dy) € RV (distance vectors)
(4.28)

are defined and mapped to

L(W) =expy (D) € W, (likelihood vectors)

(4.29a)
o~ 2+ Di
Liw) = e

p>0,
<Wi7€7;Di>

i€l (4.29Db)
where p is a user parameter to normalize the distances
induced by the specific features f; at hand. This represen-
tation of the data is regularized by geometric smoothing
(4.27) to obtain the

(similarity vectors)

iel,
(4.30)

which in turn evolves the assignment vectors W, i € I
through the

W = Rw (S(W)), W(0) = 1.

(assignment flow) (4.31)

We refer to [3], [10] and [31] for further details and
a discussion of the assignment flow (4.31): Each assign-
ment vector W;(t) € S converges to an e-neighborhood
of some vertex (unit vector) e; € {0,1}7I, j € J of the
closure S and in this sense uniquely assigns a correspond-
ing label j € J to each datum z’, i € I. Characterizing
mathematically a subclass of problem instances (data
and weights for geometric averaging) of measure zero
where this might not be the case, is ongoing work.

4.3 Coupling the Assignment Flow and Label Evolution
on Feature Manifolds

We show in this section how combining the assignment
flow (4.31) and the schemes of Section 4.1 results in
coupled flows that simultaneously perform

— label evolution on a feature manifold, and
— spatially regularized label assignment to given data.

Coupling the assignment flow with the scheme of
Section 4.1.1 defines the coupled flow (CFa) in Sec-
tion 4.3.1, whereas coupling the assignment flow with
the scheme of Section 4.1.2 defines the coupled flow
(CFb) in Section 4.3.2. Comparing (CFa) and (CFb)
in Section 4.3.3 shows that the latter flow subsumes
the former one and hence defines the unsupervised
assignment flow.

4.8.1 Spatially Regularized Soft-k-Means on Feature
Manifolds

Minimizing the objective function (4.4) induces the as-
signment probilities

X -1 Zi m]
() = oL D))

= . , 1€l,5€J
S oxp (— Dm0

(4.32)

due to (4.5). Regarding the assignment flow, the vari-
ables W;; play the same role, see (4.20). The assignment
flow (4.31) for W;; reads

Wis () = Wig (1) (S (W) = > Wa)Sa(W(®) ),
leJ
iel, jeld, (4.33)

where the right-hand side comprises the similarity vec-
tors S;(W), i € I, whose j-th component due to (4.30),
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(4.27) and (4.29) is given by

Ly, ;
4(W) = m (4.34a)
T Wik
Ly, j = ( 1T ij(W;M))
keN;
- 11 <Wkﬂ)wk
ren, N (W, efka(M)> (4.34Db)

EXP(szk z mﬂ))

keEN;

This expression makes explicit how spatial regularization
through averaging the given data (in terms of distance
vectors) over local neighborhoods, is part of the vector
field that drives the assignment flow. As a consequence,
label assignments induced by W(T), T > 0, are spa-
tially more coherent.

Hence we propose to replace in (4.8) the normalized
assignment variables p? ;(M) given by (4.32), where
no spatial regularization is involved, by the normalized
assignment variables qu(W) defined below by (4.35).
The resulting coupled flow (CFa) that simultaneously
performs label evolution and label assignment, reads

:—anﬂ dD(z mj))
el
Joy — W
(CFa) a > Oa qE(W) - <1, WJ>5
m’(0) =md, jeJ,
Wi(t) = Rw, ) (S:(W(1))),
Wi(O):ls, i €1,

(4.35)

with W7 due to (4.21) and user parameter o that enables
the adjust the time scale of the label flow induced by
mA(t), j € J relative to the assignment flow induced by
Wit),iel.

4.8.2 Spatially Regularized EM-Iteration on Feature
Manifolds

The scheme of Section 4.1.2 and the update formulas
(4.9) suggest an alternative coupling of label evolution
and the assignment flow. Equation (4.29b) reads

Wme—fD(z ,m7)
>ieg Wae —pD(tml)?
which agrees with the right-hand side of (4.9a), except

for the scaling parameter p and the assignment variables
Wi; in place of the mixture coefficients 7;. Indeed, since

Ly (W; M) = (4.36)

there is no interaction between different spatial locations
i € I on the right-hand side of (4.36), L;;(W;; M) can
be interpreted as local posterior probability of label j
given the observation z!, in agreement with the left-
hand side of (4.9a). Likewise, applying the first update
equation of (4.9b) to (4.36) yields

D _

)

®. gy s
mZL”W MY e (4.37)

i€l

which does not depend on i € I. We therefore take into
account spatial regularization by replacing the mixture
coefficients 7;, j € J by the variables W;;, i € I,j € J,
that are governed by the assignment flow and hence do
spatially interact. The resulting coupled flow (CFb)
reads

ml (t) =
—azZ/j|l-(W(t),M(t))ﬁ_l(de(zi,mj(t))),
i€l
Wi M)
W, M Lij
it ( )= Zke] ij(W M)
(CFb) - —%D(z ,m7)
Lij(W; M) = Wige “Tha
> ieg Wae™? (=HmD
a>0, m’0) :mo, jed,
Wi(t) = Ry, (S:(W(1))),
Wi(O):ls, iel,

(4.38)

where W (t) depends on M through (4.34).

4.3.3 Unsupervised Assignment Flow

We examine the relation between the coupled flows (CFa)
(4.35) and (CFb) (4.38). Comparing L;;(W; M) given
by (4.38) with qgl(W) given by (4.35) shows due to
YuesWa=1,i€I and

that
¢ (W)= lim v, 41 (W, M). (4.39b)

’ pP—r00

We conclude that (CFa) is a special case of (CFb).
Since the scaling parameter p plays a unique role in
(4.29), however, we propose to parametrize L;;(W; M)
of (4.38) in the same way, but with another independent
parameter o > 0 replacing p, in order to ‘interpolate’
smoothly between the coupled flows (CFa) and (CFDb)
in the sense of (4.39).
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As a result, the final form of our approach, called
unsupervised assignment flow (UAF), reads

md (t) =
—azZ/j|l-(W(t),M(t))@\_l(de(zi,mj(t))),
iel
oy — — EGO70)
Vjli 9 = o 9
7l >orer LT; (W5 M)
- —%D(ziﬂnj)
(UAF) L (W5 M) = LEL ~ID(ml)’
Dieg Waem 72150
a>0, o>0,
m?!(0) =md, jelJ,
Wi(0) =1s, i€l

(4.40)

with user parameters a > 0 controlling the relative
speed of label vs. assignment evolution, and parameter
o > 0 as just discussed.

As already mentioned in Section 3.3, the greedy k-
center clustering provides an overcomplete set of labels
in a preprocessing step which is used as initial condition
{mg} jeg for the prototype component of the unsuper-
vised assignment flow (4.40).

4.4 Geometric Numerical Integration

In this subsection, we detail the iterative scheme that
was used in Section 5 for numerically integrating the
unsupervised assignment flow (4.40). We rewrite these
equations more compactly in the form

Wi(t) = Rw, iy Fi (W (), M (1)), Wi(0)=1s, i€l
(4.41a)

m! (t) = G;(W(t), M(t)), m'(0)=m), jelJ,
(4.41b)

where the dependency of F;(W, M) = S;(W) on M is
implicitly given via the distance vectors (4.10) and the
dependency of the similarity vectors on these distance
vectors — cf. (4.29) and (4.30).

In order to uniformly evaluate our approach for vari-
ous feature manifolds M, we simply use the Riemannian
explicit Euler scheme for integrating the prototype evo-
lution flow (4.41b), i.e.,

(m?) Y = exp vy (miyo (th (W(t)vM(t)))7 Jed,
(4.42)

with step size h > 0, and exp r4 ,,,; is defined by (2.5) for
the Riemannian manifold M. In order to numerically

integrate the assignment flow (4.41a), we adapt the
geometric implicit Euler scheme from [37]. It amounts
to solving the fixed point equation

VD = hiip F ( expy (VED), M<t+1>) o (4.43)

by an iterative inner loop, where II'7; denotes the orthog-
onal projection onto the tangent space (4.23), followed
by updating

WD = expyyo (V(t+1)). (4.44)

Here, expy denotes the map given by (4.18) and (4.24).

5 Case Studies: Label Learning on Feature
Manifolds

In the preceding section, we derived the unsupervised
assignment flow (4.40) for a general feature manifold M
together with a geometric numerical integration scheme.
In the following three subsections, we illustrate the
approach by working out details of three concrete feature
manifolds. These scenarios will be evaluated numerically
in the experiments section 6.

5.1 SO(3)-Valued Image Data: Orthogonal Frames in
R3

In this subsection, we study clustering on the Lie group
SO(n) of n x n rotation matrices. This is a smooth
Riemannian manifold whose tangent space at R € SO(n)
is given by

TrSO(n) = {R$2: 2 € so(n)}, (5.1)

where so(n) = {2 € R™": 2T = —Q} denotes the
Lie algebra of SO(n), and with the Riemannian metric
given by the Frobenius inner product gr(A;, A3) =
tr(A] Ag). Based on the matrix exponential expm and
logarithm logm [20], the corresponding exponential and
logarithmic maps read

eXpSO(n),R(R‘Q> = Rexpm({2), (5.2a)
10850 (n). 1, (R2) = Ry logm(R] Ry), (5.2b)
and the Riemannian distance is given by

dson) (R, R2) = || logm(R] Ry)|| - (5-3)

In the specific case n = 3, well known formulas in closed
form are available [20]. By Rodrigues’ formula, the ma-
trix exponential of A € s0(3) is given by

eXprn(A) =1+ SiHC(a)A + %Sinc2(%)A27

a=/3tr(ATA), (5.4)
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with the sinc-function

sin(x) 0
sinc(z) =4 * v#
1, xz=0.

(5.5)
The matrix logarithm of R € SO(3) with tr(R) =
1+ 2cos(d), |0] < 7 is given by

1

logm(R) = Tsme(d)

(R—R"). (5.6)
Moreover, the Riemannian distance can be evaluated
without computing the matrix logarithm or an eigen-
value decomposition as
tI‘(R]—Rg) —1
dso(3y(R1, Ra) = V2 arccos — s )

Rl,RQ S SO(S) (57)

Regarding the clustering of data {R;},c; C SO(n),
we use the canonical divergence function D(Ry, Re) =
%dso(n)(Rl, R)%. As a result, the flow of the (UAF)
(4.40) for the prototypes S; € SO(n) takes the form

Si(t) = Z v;1i (W (t), S(t)) Logg, (1) (Ri)

=a Y v (W(t),S(1))S;(t) logm(S;(t) " Ry),
el
jeJd
(5.8)

Discretizing this flow due to (4.42) yields the multiplica-
tive update scheme

<

S](-Hl) = S](-t) expm (ah Z V](‘tl) logm ((S(-t))TRi)> ,

icl

5.2 Orientation Vector Fields

We consider the task of clustering orientation vector
fields in the two-dimensional space. We regard these
vector fields as maps from the image domain into the
angle space R/77, i.e., we identify the line
{M(cos@,sinf)": X\ € R} c R? (5.10)
with the angle 6 € [0,7). Let ¢: R — R/?TZ be the
quotient map € — 6 mod w. Rather than operating
directly on the quotient manifold R / 7Z, we work with
representatives of its elements in R. In particular, a
flow on the quotient manifold will be given by ¢(¥(¢)),

where ¥(t) is a flow in R. For any two representatives
01,05 € R, the induced distance is given by

d(61,02) = da(q(61), q(02))

— min |6, — 6 ™
;21&'1 2+l €0, 3],

(5.11)

and we have d(61, 02) = 0if and only if ¢(61) = ¢(02). For
the unsupervised assignment flow (4.40), we choose the
canonical divergence function D(z,y) = %(dM (z, y))2
on M. By (5.11), this corresponds to the dissimilar-
ity function D(61,60y) = %(d(ﬁl,ﬁg))Q for representa-
tives 01,0, € R. This dissimilarity function is differen-
tiable if ¢(01) # q(02 + §), i.e., if the minimizer ¢* €
argmin,¢ .7 |01 — 62 + | is unique. In this case, we have
%D(el,eg) =0y—0] — (,O*. NOW, denoting {ei}ieI CR
the representatives of given orientations at pixels i € T
and denoting by {¥;};cs C R the representatives of the
prototype orientations (labels), the label evolution of
(4.40) takes the form

i) =a- (Z vii (W (), 0(t)) (0: — 03;(t)) — 19;'@))
iel
with ;(t) € argemzin 16: —9;(t) +¢| (5.12)

Since this flow evolves in RI”!| it can be numerically inte-
grated using classical integration schemes. As mentioned
above, the corresponding prototype flow in M = R / nZ
then is given by ¢(¥;(t)), j € J.

5.3 Feature Covariance Descriptors Fields

We consider data given as covariance region descriptors,
as introduced in [36]. Details of the corresponding un-
supervised assignment flow are worked out in Section
5.3.1. In Section 5.3.2, we generalize the representation
to obtain descriptors that are invariant with respect to
rotations of the image domain.

5.8.1 Basic Approach

We consider feature maps f: I — R® extracted from a
given 2D image u: I — R® with ¢ channels by taking
partial derivatives channel-wise, e. g. u, = % and Uz, =

02 . . i .
I gy. A typical example used in our experiments is

, T
i fl= (u,uw,uy,um,ﬁumy,uyy) € RS (5.13)

where (x,7)" denote the image coordinates at pixel
i € I. The corresponding covariance descriptor C; with
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respect to a pixel neighborhood A (7) C I is given by

Ci= > wy(FF =) =) +eld
JEN(3)
with fi= > wj;f/, 0<e<1, (5.14)
JEN (i)

where w; = (wij)jen; € An() are weights. We add
the identity matrix with a very small € to ensure that
all descriptors are positive definite, which otherwise
may not hold in particular cases like homogeneous “flat”
image regions.

Now we consider the task of clustering given covari-
ance descriptors as points on the Riemannian manifold
of symmetric positive definite matrices [11]

def

s = {X eR: X = X T, X is positive definite }
(5.15)

endowed with the Riemannian metric

gx (U, V) =tr(X'UX V) (5.16)
on each tangent space TxPs = {U eRs*s. UT = U}.
The Riemannian gradient of a function F': P, — R
is given by grad F(X) = X0F(X)X € TxPs, where
the symmetric matrix OF(X) denotes the Euclidean
gradient of F' at X, and matrices X and 0F(X) are
multiplied as usual. Denoting the prototypes (labels) by
{A;}jes C Ps, the label flow of (4.40) reads

A;(t) =
—a > v (W(t), A1) A;(£)82D (i, 45(t)) A, (1),

icl

jed, (5.17)
where D(X,Y) is a proper divergence on P; as discussed
below, and 9: D(X,Y’) denotes its Euclidean gradient
with respect to Y. In the following, we discuss possi-
ble choices of D. An obvious choice is the canonical
divergence induced by the Riemannian distance

1 1
Dr(X,Y) = Jdp,(X,Y)* = 5 3 (log (X, V)",
ke(s]

(5.18)

which involves all generalized eigenvalues \;(X,Y) of
the matrix pencil (X,Y"). Considering that D(C;, A;)
has to be computed for each pair of datum C; and proto-
type A; at each point of time when integrating the flow,
the computation of the generalized eigenvalues would
be very expensive computationally. As a more efficient

alternative to D, we consider the Stein divergence [32]

Dg(X,Y) = logdet (X5X) — Llogdet(XY), (5.19a)
1 -1 _

Ds(X,Y) =5 ((X45) ™ =y ).
It involves the determinant and the inverse of a positive
definite matrix, which both can be efficiently computed
using the Cholesky decomposition. Moreover, it is shown
in [32] that Dg is a squared distance. Based on the choice
D = Dg, equation (5.17) takes the form

(5.19b)

A1) = 5 (40 - 4,(0Q04,0))
with Q;(1) = Y va (W (1), A1) <C+2/1J(t)> o
- (5.20)
Taking the exponential map
expp, x(U) = X% expm (X 2UX %) X% (5.21)

into account, with expm denoting the matrix exponen-
tial, and discretizing the flow with the Riemannian ex-
plicit Euler scheme (4.42), gives the prototype update
for the Stein divergence

A§t+l) = /ij expm (O;h (I — /LQ;”/L)) /ij

N

with /L:(A§”) (5.22)

5.3.2 Rotational Invariance

We additionally constructed a dissimilarity function on
Ps that is invariant under rotations of the image domain.
In contrast to the Stein divergence, this dissimilarity
function takes the special structure of covariance descrip-
tors into account and hence depends on the underlying
feature map. We consider the feature map in (5.13) as
example.

Let u, %: R? — R denote two grayvalue images that
are related by an Euclidean transformation

% _ 0959 —sind\ [z n ) . 002
7 sinf cos#@ Y Yo
(5.23)

of the image domain, i.e. 4(Z, §) = u(z,y). Their deriva-
tives transform as

Ug\ Ugs
() = mio (), 210
f%m Ugy
V2 | = Ra2(0) | V2uyy | (5.24b)
Uyy Uyy
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with rotation matrices R1(f) € SO(2) and Ry(0) €
SO(3) given by

wo - (50 ) o2
Ry(0) =
cos? 6 —v/2cosfsin b sin’ 9
V2 cos0sinf cos? —sin?0 —+/2cosfsinb
sin? 0 V2 cos 0 sin 6 cos2 6
(5.25Db)

It follows that covariance descriptors of u: I — R® with
the feature map (5.13) transform as C = R(§)CR(0) T,
with a rotation matrix R(6) € SO(s). Setting

R = {R(9): 0 €[0,2m)}, (5.26)

it turns out that R is a one-dimensional subgroup of
SO(s), i.e. R(01 + 02) = R(61)R(62). Eventually, we
construct the rotation-invariant dissimilarity function
by minimizing over the Lie group action of R, i.e.

Ds(X,Y) = min Ds(X,RYR'"

sR(XY) & min Dy ) -
=min Ds(R"XR,Y).
RER
If 9,Ds(R* ' XR*,Y) = (R* T XR*+Y)' —lvy—1is
the same for all R* € argmingcr Ds(RTXR,Y), then
Ds r(X,Y) is differentiable in Y and the derivative
is given by 9,Dsr(X,Y) = 8;Ds(R* ' XR*Y) [12,
Theorem 4.13+Remark 4.14]. This holds in particular if
R* is unique for a given pair (X,Y).
Using the divergence Dg r, equation (5.17) yields the
same prototype update formulas (5.20) and (5.22) as
for the Stein divergence, except for the modification

Q;(t) =
> v (W), At)) (Rij(t)TCiRz‘j (t) + 4;(t) ) B

. 2
el

(5.28)
with Rij (t) € arg minReR DS (RTCZ'R, Aj (t))

Remark We conclude this section with further com-
ments on the invariant dissimilarity function (5.27).

1. We point out again that R due to (5.26) (and its exis-
tence) depends on the feature map f. For the specific
case (5.13) considered above, a transformation of the
form C' = R(A)CR(A)T exists since all derivatives
up to a given order are involved. Furthermore, R is a
subgroup of SO(s) due to the proper normalization
of the mixed derivatives (note the factor v/2).

2. Evaluating (5.27) amounts to solve a one-dimensional
smooth but non-convex problem. We omit the de-
tails.

3. The dissimilarity function Dg % is not a divergence
function as introduced in Section 2.2, since
Dgr(X,Y) = 0 does not imply X =Y, but only
fortunately, this cannot be fixed by considering the
quotient 7)s/N with X ~ Y if and only if X € [Y]g,
since Ps / ~ does not have a manifold structure (e.g.
the equivalence class of the identity matrix is a sin-
gleton). Nevertheless, we can plug-in Dg % into our
approach that can be used with any differentiable
dissimilarity function. The resulting prototypes are
then representatives {A;};es C Ps of classes [4;]z.

4. The set of pairs (X,Y) € Ps x P, for which
Dgr(X,Y) is not differentiable, is negligible [30,
Theorem 10.31]. But even for such pairs one can
choose some optimal R;;(t) in (5.28), such that the
prototype flow remains well-defined.

6 Numerical Examples

In this section, we demonstrate and compare the pro-
posed unsupervised assignment flow (UAF) using
several synthetic and real-world images and different fea-
ture manifolds, as detailled in Section 5. As described in
Section 4.4, the geometric numerical integration of the
(UAF) was carried out using the geometric implicit Eu-
ler scheme for the assignment component of the flow and
a Riemannian explicit Euler scheme for the prototype
component of the flow. For both schemes, we used the
fixed step-size h = 0.1 in all experiments. Additionally
we adopted in our implementation the renormalization
step from [3] with e = 107! for the assignment com-
ponent, to avoid numerical issues for assignments very
close to the boundary of simplex A ; = S. Uniform
weights (w;y,) were used for regularizing the assignments
through geometric averaging (4.27). The integration
process terminated when the average entropy of the
assignment component dropped below 102 which in-
dicates almost unique assignments (probability vectors
are close to unit-vectors) and in turn that the weights
v;1;(W, M) for the prototype evolution become station-
ary as well. We initialized the assignment component
of the unsupervised assignment flow with the uninfor-
mative barycenter (all labels are equiprobable). The
initial prototypes were determined by greedy k-center
metric clustering as discussed in Section 3.3, in order
to obtain an almost uniformly sampled dictionary from
the input data. The number of labels |J| was chosen
large enough to start with an overcomplete dictionary.
We observe convergence of the assignments to labelings
in all problem instances, which also implies convergence
of the flows presented in this paper.
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k-center + NN
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(UAF) o = 0.001

(CFb) o = p=0.1 (CFa) o0 = oo

Fig. 6.1 Influence of the parameters o and «. The figure illustrates the influence of the parameters o and a on the
unsupervised assignment flow (UAF) in terms of the resulting labelings. From the smooth input image (left panel, top), the
initial prototypes (|J| = 8) are extracted by greedy k-center clustering and assigned by the nearest neighbor (NN) rule. The right
panel shows the labelings returned by the (UAF), for different values of o and «, after termination of the coupled evolution of
labels and assignments. We observe for increasing values o and « that regions are “attracted” towards the center of the image
domain, since label colors are increasingly averaged through the spatially regularized assignments.

6.1 Parameter Influence

This experiment discusses the influence of the two model
parameters o and « of the (UAF) as defined by (4.40).
Parameter o determines the trade-off between the in-
fluence of the assignments (spatial regularization) and
the influence of the distances in the feature space on
the weights v;;(W, M) which govern the label evolution.
o = oo results in the coupled flow (CFa) where the
welghts v;1;(W, M) solely depend on the assignments,
whereas 0 = p gives coupled flow (CFb) which incor-
porates both, the spatially regularized assignment and
the distances in the feature space, into the dictionary
update step. In general, the impact of spatial regular-
ization on the evolution of labels evolution decreases
with decreasing values of o, and the influence of the

distances in feature space on the evolution of labels is
even stronger for o < p.

Parameter « controls the relative speed of the evolu-
tion of labels vs. assignments. If « is set too small, i. e., if
the evolution of labels is too slow, then hardly any label
evolution occurs at all during the period the assignment
evolution so that the resulting assignment is effectively
comparable to the supervised assignment flow [3] based
on the initial set of labels. On the contrary, if « is set too
large, labels adapt too fast to the current assignment,
which may be undesirable especially if the assignment
is still too close to the uninformative barycenter in the
initial phase of its evolution.

In order to visualize clearly the role of o and «,
we consider in this section the RGB color space as
feature space. The demonstrated effects carry over to



Unsupervised Assignment Flow

17

input

(UAF) o = 0.001

(CFb) o = p=0.1

(CFa) o0 = oo

k-center + NN

initial prototypes

i PEADY)

Fig. 6.2 Influence of the parameters o and a. Results of the (UAF) are shown that reproduce for a real image the effects
illustrated by Figure 6.1. Each labeling is additionally shown using false colors to ease the perception of differences. We observe
for increasing o an increasing impact of spatial regularization, whereas for increasing « labels adapt faster along with the size

of the spatially regularized regions.

the other non-trivial feature manifolds, of course. We
used a || = 3 x 3 neighborhood size for geometric
spatial regularization and fixed the number of labels to
|J| = 8.

Figure 6.1 illustrates the above discussion for an aca-
demical computer-generated color image with a smooth
strong gradient, which was generated such that from left-
to-right the red channel is increasing and the blue chan-

nel is decreasing, whereas the green channel is increasing
from top to bottom. The boosted labels adaption (for
larger ) and the impact of spatial regularization, is
illustrated by the cell sizes of the final Voronoi diagram
relative to the initial configuration.

Figure 6.2 demonstrates the same effects for a real
image. The partitions corresponding to the unsuper-
vised image labelings are additionally displayed using
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Fig. 6.3 Effect of spatial regularization. We compare the proposed (UAF) to k-means clustering and k-center clustering,
respectively, and demonstrate the effect spatial regularization, parametrized by increasing neighborhood sizes used for geometric
averaging, on the resulting label statistics and label assignments. The histogram bars are colored by the corresponding labels,
and their heights indicate the relative amount of assigned pixels. We observe that as the scale (neighborhood size) of spatial
regularization increases, the label set quickly becomes more sparse.

false colors in order to highlight the differences. The
interpretation of the results for different values of o and
« is analogous to the effects shown by Figure 6.1.

Specifically, we observe that for a small value o =
0.001 (column (UAF)), which increases the influence of
the distances in the feature space, the resulting labeling
preserves fine scales (e.g. see left coral in Figure 6.2) in
comparison to the other extreme choice o = co (column
(CFa)), where the influence of the spatial regularization
through the assignments in the image domain is maximal
and hence fine scales are removed from the resulting
labeling. The intermediate parameter choice o = p = 0.1
(column (CFb)) shows a good compromise between the
effects caused by the two extreme values of o.

The influence of parameter o controlling the relative
speed of label and assignment evolution can be seen row-
wise. For small o = 0.1, the adaption of the prototypes
is quite limited. For the choice a = 1.0, we observe a

good compromise between label evolution and spatial
regularization through the assignment flow. Finally, a
very large value a = 5.0 results in strong spatial regu-
larization, since the labels are adapting relatively fast
to the current assignments and consequently the regions
assigned to labels grow faster.

6.2 Effect of Spatial Regularization

Figure 6.3 illustrates the effect of spatial regularization
performed by the (UAF) on the evolution of both labels
and label assignments, by comparing to basic k-means
clustering and to greedy-based k-center clustering (Sec-
tion 3.3), respectively, where no spatial regularization
is involved at all. The parameter values o = 1.0 and
o = oo were used.
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Comparing k-means with k-center clustering shows
that k-means clustering selects a more uniform quanti-
zation for the feature data, whereas the greedy k-center
clustering rather picks more extremal points in the fea-
ture space which subsequently serve as initial prototypes
for (UAF). The remaining panels demonstrate that spa-
tial regularization quickly sparsifies the label set as the
scale (neighborhood size) of spatial regularization in-
creases.

6.3 Case Studies: Label Learning on Feature Manifolds

In this section, we demonstrate the “plug in and play”
property of the unsupervised assignment flow (UAF)
by applying it to the scenarios worked out in Section
5. In principle, any Riemannian feature manifold can
be used provided a corresponding divergence function
D(-,-) and the exponential map admit a computational
feasible evaluation of the (UAF) through the numerical
scheme (4.42).

We next consider the scenarios of Section 5 in turn.

6.3.1 SO(3)-Valued Image Data: Orthogonal Frames in
R3

Figure 6.4 depicts ground truth data in terms of orthog-
onal frames assigned to each pixel ¢ € I and visualized
with false colors. Each ground-truth label is also shown
as trihedron by Figure 6.5.

The input data (Figure 6.4) were generated by in-
dependently sampling for each pixel ¢ € I a vector
n; ~ N(0,v/0.513), determining a corresponding ran-
dom skew-symmetric matrix £2(n;) € s0(3), and by re-
placing the ground-truth value R; by R; expm({2(n;)).

We compare our method with hierarchical agglom-
erative clustering [29]. As linkage criteria, we used the
generalized Ward’s criteria as presented in [§], i.e., we
replaced the squared Euclidean distance in the classical
Ward’s method by the Riemannian distance. This link-
age criteria worked best in our experiments. We chose
the threshold for this method such that we get the same
number of clusters as in the ground truth. The labels
were determined by computing the Riemannian mean
within each cluster. The noisy clustering result (Fig-
ure 6.4) affects the computation of labels as can be seen
in Figure 6.5.

As initialization for our method, we determined
by greedy-based k-center clustering (Section 3.3) an
overcomplete set of |J| = 8 prototypes as shown by
Figure 6.5. The corresponding nearest neighbor (NN)
assignments are shown by Figure 6.4. They clearly illus-
trate the need for spatially regularized assignments, not
only for determining a reasonably coherent partition of

the image domain but also for affecting label evolution,
in order to determine proper labels enabling to find such
a partition by assignment.

The labelings generated by unsupervised assignment
flow (UAF) are shown by Figure 6.4, for the parameters
o =p=1.0 and ¢ = oo corresponding to the specific
versions (CFa) and (CFb) of the (UAF), and using
different neighborhood sizes |[N| € {1 x 1,3 x 3,5 x 5}
for spatial regularization. The relative speed parameter
« for the prototype evolution flow was set to the natural
value « = 1 (cf. Section 6.1). The results show that,
for both flows (CFa) and (CFb), spurious labels “die
out” whereas the remaining labels converge to values
quite close to ground truth (Figure 6.5). Specifically, for
the large green background region, two labels close to
the ground truth label are recovered due to the initial
fluctuations within a large spatial region.

We point out that the only essential parameter value
required for a reasonable result is the scale (neighbor-
hood size) of spatial regularization.

6.3.2 Orientation Vector Fields

Given a gray-scale image (Figure 6.6) we estimated
orientations of local image structure from local gradient
scatter matrices. Orientations are encoded at each pixel
by the angle between the horizontal axis and the smallest
eigenvector. The resulting data take values in R / nZ =2
S1 after identifying antipodal points. Figure 6.6 shows
the nearest neighbor assignments of the initial |J| = 8
prototypes determined by greedy k-center clustering
from the noisy input data, together with labels and
label assignments of the versions (CFa) and (CFb) of
the unsupervised assignment flow (UAF') corresponding
to the parameter choices 0 = p = 0.1 and o = co. The
relative speed parameter « for the prototype evolution
was set to o = 0.5 and |[N| =5 x 5 neighborhoods were
used for spatial averaging.

Both flows managed to position a label correctly in
the neighborhood of 0 = 7 (visualized in red) and only
required seven labels to properly encode the data by
labeling.

6.3.3 Feature Covariance Descriptor Fields

We demonstrate the application of the unsupervised
assignment flow to the manifold of positive definite
matrices. For a given input image, we extracted the
covariance descriptor using the feature map (5.13) and
IN]=5x5in (5.14). We applied version (CFa) of the
unsupervised assignment flow to a synthetic and a real
world image, i. e. setting o = oo ensuring a strong effect
of spatial regularization on label evolution. Initial sets
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Fig. 6.4 Unsupervised label learning for SO(3)-valued image data. Rotation matrices are color coded by the scheme
adopted from [26]. Each label (orthogonal frame, rotation matrix) is also depicted as trihedron by Figure 6.5 using as background
the false color used here. The input data were generated from ground truth as described in the text. Hierarchical clustering with
generalized Ward’s linkage criteria produces a noisy labeling result. The panel ‘k-center + NN’ depicts the nearest neighbor
assignments of the 8 labels which are selected from the input data by greedy k-center clustering (Section 3.3) and are used as
initialization for (UAF'). Panels on the right depict both the labels and the assignment of these labels by the two versions (CFa)
and (CFb) of the unsupervised assignment flow (UAF). Spurious labels “die out” and, for a reasonably large neighborhood
size used for spatial regularization, high-quality labelings are determined simultaneously. The resulting labels are visualized by

Figure 6.5.

of |J] = 10 labels were determined by metric clustering,
to ensure interpretation of the results visualized by false
colors. Due to the higher dimension of the feature space
of this scenario, a larger value a = 10 of the relative
speed parameter controlling the prototype evolution
turned out to be useful for both test instances.

Figure 6.7 depicts a synthetic image with a texture
rotated in steps of 15 degrees. [N| = 3 x 3 neighbor-
hoods were used for spatial averaging and the constant
of (5.14) was set to € = 107> to ensure strict positive
definiteness even in completely homogeneous regions
of this computer-generated image. Initial prototypes
were extracted from the input data using the greedy
k-center clustering using the Stein divergence Dg and
its rotation-invariant version Dg g, respectively. The
experiments below should not only demonstrate another
feature manifold that can be flexibly handled using the
proposed unsupervised assignment flow, but they should
also assess if numerical results display the rotational

invariance of Dg that holds by construction mathe-
matically (Section 5.3.2).

The six panels on the right of Figure 6.7 show colum-
nwise the results of local label assignments (k-center
+ NN) and the assignments after label evolution per-
formed by (CFa), respectively, using either distance Dg
or Dg r. Regarding the results depicted by the center
column, greedy k-center clustering was performed using
Dg r, while the nearest neighbor (NN) assignment and
(CFa) were performed using Dg, in order to highlight
the difference between Dg and Dg r based on the same
initial prototypes.

The result shows that using Dg leads to an un-
supervised labeling of all textures with a single label
only. Thus, depending on the application, using Dg  in-
stead of the basic Stein divergence Dg can lead to more
compact label dictionaries determined by the proposed
unsupervised assignment flow. Figure 6.8 underlines this
finding from a different angle. The two panels on the left
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display pizelwise the distances Dg and Dg to some
fixed (arbitrary) reference descriptor. The two images
show quantitatively that Dg is highly non-uniform, un-
like Dg . The panel on the right of Figure 6.8 visualizes
for each pixel the optimal angle minimizing (5.27) over
(5.26), that has to be determined for the evaluation
of Dg r. One can clearly see how the rotations of the
textures of the input image of Figure 6.7 are recovered.
This may be useful for some applications as well.

Figure 6.9 depicts a real world image. We used
M| =5 x 5 neighborhoods for spatial averaging and
e = 1077 for the constant of (5.14) to ensure strict
positive definiteness of the covariance descriptors. Anal-
ogous to Figure 6.7, we compared the nearest neighbor
(NN) assignment and the result returned by (CFa) with
respect to the Stein divergence Dg and its rotationally
invariant version Dg r, respectively.

We observe that the rotationally invariant feature
representation together with the unsupervised assign-
ment flow (Dg .z / (CFa); panel bottom-right) leads to
an unsupervised label representation of the input data
that basically partitions the image into wooden texture
independent of the orientation of the wooden boards
(encoded with red), nails and similar line structures
in the background (encoded with green), the hammers
(light-blue) and oriented wooden texture (blue).

Analogous to Figure 6.8, Figure 6.10 (first row) shows
the pixel-wise distances to a fixed label (located at the
right pile of nails) for the distances Dg and Dg r, respec-
tively. Comparing the distances to the two piles of nails
illustrates once again and quantitatively the rotational
invariance of Dg . The bottom row of panels shows the
corresponding optimal rotation angles corresponding
to the evaluation of Dg %, as defined by (5.27). These
angles recover the relative orientation of the textures
which may be useful for some applications.

7 Conclusion

We proposed the unsupervised assignment flow for per-
forming jointly label evolution on feature manifolds and
spatially regularized label assignment to given feature
input data. The approach alleviates the requirement for
supervised image labeling to have proper labels at hand,
because an initial set of labels can evolve and adapt to
better values while being assigned to given data.

The derivation of our approach highlights that it
encompasses related state-of-the-art approaches to unsu-
pervised learning: soft k-means clustering and EM-based
estimation of mixture distributions with distributions
of the exponential family as mixture components (class-
conditional feature distributions). We generalized these

approaches to manifold-valued data and defined the un-
supervised assignment flow by coupling label evolution
with the assignment flow adopted from [3]. We suggested
greedy k-center clustering for determining an initial la-
bel set that works with linear complexity in any metric
space and with fixed approximation error bounded from
above.

The separation between feature evolution and spatial
regularization through assignments enables the flexible
application of our approach to various scenarios, pro-
vided some key operations (divergence function evalua-
tion, exponential map) are computational feasible for the
particular feature manifold at hand. We demonstrated
this property for three different scenarios and showed
that coupling the evolution of labels and assignments
has beneficial effects in either direction. The approach
involved two parameters whose role is well understood.
As a consequence, the only essential parameter is the
neighborhood size used for spatial regularization.

Our unsupervised learning approach is consistent in
that the very same approach that is used for supervised
labeling is used for label learning, without need to re-
sort to approximate inference due to the complexity of
learning, as is the case e.g. for learning with graphical
models.

A key property of our approach is the sparsifying ef-
fect of spatial assignment regularization on unsupervised
label learning. Our future work will study this property
in connection with label learning from the assignment
flow itself, in terms of patches of assignments at coarser
spatial scales. Furthermore, all experiments in this pa-
per were conducted using uniform weights (w;x)genr, for
the spatial regularization of assignments (cf. Eq. (4.27)).
Learning these weights from data in order to represent
the spatial context of typical feature occurrences as
prior knowledge has been studied recently [22]. Work-
ing out a mathematically consistent way to extend this
approach to unsupervised scenarios, as studied in the
present paper, defines an exciting modeling problem.
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Fig. 6.5 Label visualization for SO(3) data. Each label corresponding to the results depicted by Figure 6.4 is shown here as
trihedron, using the false colors of Figure 6.4 as background colors here. The labels obtained by hierarchical clustering are
close to the ground truth labels but also deviate significantly, as is clearly visible in the first column. In addition, the label
assignments in the spatial domain cannot cope with the noise of the input data. As for (CFa) and (CFb), three labels of the
initial label set (last row) “died out” during the unsupervised assignment flow evolution, whereas the remaining ones converged
to values quite close to ground truth.
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Fig. 6.6 Unsupervised label learning from orientation vector fields. Orientations are extracted from the gray-scale image,
using the spectral decomposition of local scatter matrices of the image gradient, and represented as elements of R / rz =St
as described in the text. Using a correspoding distance function, the unsupervised assignment flow learns both proper labels,
including their number, and label assignments for encoding the noisy input data.
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Fig. 6.7 Unsupervised learning of rotationally invariant labels from covariance descriptors. The input data are covariance
descriptors (5.14) extracted from the input image which comprises a texture rotated in steps of 15 degrees. Both labels and
label assignments are pixelwise visualized using false colors in the panels on the right (only color differences matter, rather than
the colors themselves). The unsupervised assignment flow (CFa) together with the rotationally invariant Stein divergence Dg

returns a small set of labels that encodes local image structure irrespective of its orientiation. By contrast, using the Stein
divergence Dg is less effective.
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Fig. 6.8 Comparing the Stein divergence Dg with its rotationally invariant variant Dg & . Using the covariance descrip-
tors illustrated by Figure 6.7, the panels on the left show pixelwise the distances to some fixed (arbitrary) label. Contrary to the
uniform distances Dg r, the distance Dg strongly depends on the orientation of the texture. On the right-hand side, the optimal
rotation angles are shown corresponding to the evaluation of Dg ». These angles accurately recover rotations of the texture.
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Fig. 6.9 Unsupervised learning of covariance descriptor labels through label assignment. The depicted results were
obtained for the real input image on the left and are analogous to the results of the synthetic scenario depicted by Figure 6.7.
The local assignments of initial labels (top row on the right) highlight that metric clustering completely ignores the spatial
structure of the input data. The results returned by the unsupervised assignment flow (CFa), therefore, are impressive (bottom
row): labels and label assignments jointly evolve so as to capture the spatial image structure. While the distance Dg is sensitive
to orientations of texture, the distance Dg % is not: the final labels and label assignments (bottom right) basically partition the
image into wooden texture independent of the orientation of the wooden boards (encoded with red), nails and similar line
structures in the background (encoded with green), the hammers (light-blue) and oriented wooden texture (blue), independent
of the local orientation of these textures.

Fig. 6.10 Comparing the Stein divergence Dg with its rotationally invariant variant Dg . The depicted results
correspond to the scenario of Figure 6.9 and are analogous to the results shown by Figure 6.8 for the synthetic scenario
illustrated by Figure 6.7. The top row shows the pixelwise distances between each covariance descriptors extracted from the
image of Figure 6.9 and a fixed prototype located at the pile of nails on the right. While the distance Dg considerably differs
between two piles of nails due to the different orientations, the rotationally-invariant distance Dg g is more uniform. The
bottom row displays pixelwise the optimal rotation angle that determines Ds ». Up to unavoidable local errors of these locally
computed estimates, the distance Dg r recovers the local orientation of the real texture in the input image (bottom right).
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