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Abstract

We introducea novel optimizationmethod,semidefinitgprogrammingto thefield of
computevision andapplyit to thecombinatorialroblemof minimizing quadratidunc-
tionalsin binarydecisionvariablessubjectto linearconstraintsThe approactis (tuning)
parameterfree and computeshigh-quality combinatorialsolutionsusing interiorpoint
methods(corvex programming)anda randomizedchyperplangechnique.Apart from a
symmetrycondition, no assumptiondike metric pairwiseinteractionsfor instance are
madewith respectto the objective criterion. As a consequencehe approachcan be
appliedto a wide rangeof problems. Applicationsto unsupervisegbartitioning, figure-
grounddiscriminationandbinary restoratiorarepresentedlongwith extensve ground-
truth experiments. From the viewpoint of relaxationof the underlyingcombinatorial

problem,we shawv the superiorityof our approacho relaxationsbasedon spectraigraph
theoryandprove performancéounds.

Keywords: Imagepartitioning,segmentationgraphcuts,perceptuagrouping,figure-ground

discriminationcombinatoriabptimizationrelaxation corvex optimization,convex program-
ming

A preliminaryversion[57] of this work waspresentedt the conferencéEnergy MinimizationMethodsin
Computeivision and PatternRecanition— EMMCVPR2001".
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1 Intr oduction

1.1 Motivation and Overview

Optimizationproblemsoccurin almostall fields of computervision andpatternrecognition.
Oneof themostimportantdesigndecisiongoncernghecompromisédetweeradequag of the
optimizationcriterionandthe difficulty to computethe solution. An inadequat®ptimization
criterion will not solve the applicationproblem, no matterhow easyit is to computethe
optimum.Corversely sophisticatedriteriawhich canonly beoptimizedwith suffienta priori
knowledgelike, e.g.,a goodstartingpoint or after elaboratgparametetuning are uselessn
practiceaswell. For this reasonoptimizationapproachesre attractve which help make a
“good” compromiseén this sense.

In this paperwe introducea novel optimizationtechnique semidefinitgorogramming to
thefield of computewisionandapplyit to minimizequadratidunctionalsdefinedover binary
decisionvariablesandsubjecto linearconstraintsNumerougproblemsn computewisionin-
cludingpartitioningandgroupingleadto combinatoriabptimizationproblemsof thistype. In
contrasto relatedwork, no specificassumptionaremadewith respecto thefunctionalform
besidesa symmetrycondition. As a consequencegur approachcovers graph-optimization
problems,unsupervisednd supervisedlassificationtasks,andfirst-orderMarkov random
field estimatesvithout dependingon specificassumption®r problemformulations. There-
foreit canbeutilized for awider rangeof applications.

The combinatorialcompleity of the optimizationtaskis dealtwith in two steps:Firstly,
thedecisionvariablesarelifted to ahigherdimensionakpacevheretheoptimizationproblem
is relaxed to a corvex optimizationproblem. Specifially the resultingsemidefiniteprogram
comprisesa linear objective functionalwhich is definedover a conein somematrix space,
andanumberof application-dependefihearconstraintsSecondlythedecisionvariablesare
recoveredfrom the global optimumof therelaxed problemby usinga small setof randomly
computechyperplanes.

Using this optimizationtechniqueamountsto a compromiseasfollows. Advantageous
propertiesare:

+ The original combinatorialproblemis transformedo an optimizationproblemwhich
is convex. As a consequencehe global optimumof the transformedoroblemcanbe
computedundermild conditions.

+ Using an interior-point algorithm, an e-approximationto this global optimum canbe
numericallydeterminedn polynomialtime

+ Notuningparametes arenecessaty

+ In contrastto spectralrelaxation,no choiceof a suitablethresholdvalueis necessary
This makesour approaclespeciallysuitedfor unsupervisedlassificatiortasks.



Figurel: A colorscengleft) andagray-valuescenecomprisingsomenaturaltextures(right).
How to partitionsuchscenesnto coherengroupsin anunsupervisedvay basedon pairwise
(dis)similaritiesbetweerocal measurements?

Onthenegative side,we have:
— Thenumberof variabless squared.

Thislimits theapplicationto problemswith upto severalhundredvariableswvhichis, however,

sufficientfor mary problemsrelatedto imagepartitioningandperceptuagrouping. Further

more,theincreaseof the problemdimensionis necessaryn orderto approximateanintricate
combinatorialproblemby a simplercorvex optimizationproblem! Intuitively, nastycombi-
natorialconstraintsn theoriginal spacearelifted to a higherdimensionamatrix spacevhere
theseconstraintanbe betterapproximatedy convex setswhich, in turn, aremorecorve-
nientfor numericaloptimization.Hence we add:

+ High-qualitycombinatoriakolutionscanbecomputedy solvinganappropriateonvex
optimizationproblem.

“High-quality” meansthat the solutionsobtainedare not far from the unknavn global op-
timum (the computationof which is NP-hardandthusintractable)in termsof the original
optimizationcriterion.

The absencef ary specificassumptionsiboutthe objective criterionaswell asthe* +"-
propertiedisted above motivatedthis investigation.

1.2 Partitioning, Grouping, and Restoration

In this section,we illustrate threeproblemswhich leadto differentinstancef the classof
optimizationproblemsconsideredn this paper By thiswewishto indicatethesignificanceof
this problemclassfor computervision andto exemplify somenon-trivial specificproblems.
More formal problemdefinitionswill begivenin thefollowing sections.

Figure 1 shavs two imagestaken from the VisTex-databaseaat MIT [61]. A common
goal of low-level computervision is to partition suchimagesin an unsupervisedvay into
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Figure2: Sectionof an office tableshavn from thetop. The keyboardprobablyfirst attracts
the attentionof the obserer. How to computethis figure-grounddiscrimination(global deci-
sion)basedn pairwise(dis)similaritiesbetweeriocal measurements?

coherentgroupsbasedon somelocally computedfeatures(color, texture, motion, ...). To
this end, the representatiomf imagesby graphicalstructureshasrecentlyattractedthe in-
terestof researcher§s8, 36, 27, 11]. We will shov below that when using our approach,
someof the assumptiongnadein the literatureconcerningadmissibleobjectie criteriacan
be dropped.Moreover, we studyin detailthe unsupervisedi-partitioningof imagesby con-
strainedmininimal cutsof the underlyinggraphsandshaw that, from the optimizationpoint
of view, our corvex approximatiorprovidesatighterrelaxationof the underlyingcombinato-
rial optimizationproblemthanrecentlysuggesteanethodswvhich arebasedn spectralgraph
theory

Figure2 shows a sectionof anoffice tablefrom the top. Probablymosthumanobsenrers
focuson the (partially occluded)keyboardfirst. A typical problemof computervision is to
modelsuchglobal decisionsby solving an optimizationproblemdefinedin termsof locally
extractedprimitives[55, 34, 63]. In this context, the optimizationcriterionis consideredas
a salieny measurewith respectto decisionvariablesindicatingwhich primitive belongsto
thefore-or backgroundrespectrely. We showv below thatquadraticsalieny measuresvhich
have beenconsideredisdifficult [63] duetheir combinatoriakompleity cancorvenientlybe
dealtwith usingour approach.

Figure3 shavs anoisymapof Iceland.Therestoratiorof suchimageshasalong history,
in particularin the context of Markov randomfields[30, 29, 64,43]. We will show below that
suchbinary restorationproblemscanbe modeledunderlessrestrictve conditionsthanwith
previousapproaches.



Figure3: A noisybinaryimage(mapof Iceland)to berestored.

1.3 RelatedWork
1.3.1 Optimization Approachesn Computer Vision

Many enegy-minimizationproblemsn computewision lik e imagelabelingandpartitioning,
perceptualgrouping,graphmatchingetc., involve discretedecisionvariablesand therefore
areintrinsically combinatoriaby nature.Accordingly, optimizationapproacheso efficiently
computegoodminimizershave along historyin theliterature.

An importantclassof optimizationapproachess basedn stochasticsamplingwhichwas
introducedby Gemanand Geman[30] andhasbeenwidely appliedin the Markov Random
Field (MRF) literature[43, 64]. As is well-known, correspondinglgorithmsarevery slow
dueto theannealingscheduleprescribedy theory Neverthelesstherehasbeena renaved
interestduringthelastyearsin conjunctionwith Bayesiarmreasoning40] andcomplex statis-
tical models(e.g.,[71, 68]). For furtheraspectsve referto [24].

To speedup computationsapproachesor computingsuboptimalMarkov randomfield
estimatedik e the ICM-algorithm [6], the highest-confidence-firgteuristic[12], multi-scale
approache$33], andotherapproximationg67, 10] were developed. A further important
classof approachesomprisecontinuatiormethoddik e Leclerc’s partitioningapproach42],
the graduated-non-ceexity stratey by Blake andZissermar[7], andvariousdeterministic
(approximate)\ersionsof the annealingapproachn applicationdik e surfacereconstruction
[28], perceptuagrouping[34], graphmatching[32], or clustering[54, 35].

Apart from simulatedannealingwith annealingscheduleshatareunpracticallyslow for
real-world applications)noneof the abore-mentionecapproachesanguarantedo find the
globalminimum. And in generalthis goalis elusive dueto the combinatorialcompleity of
theseminimization problems.Consequentlythe importantquestionconcerningthe approx-
imation of the problemarises:How goodis a computedminimizer relative to the unknown
global optimum? Cana certainquality of solutionsin termsof its suboptimalitybe guaran-
teedin ead application?To the bestof our knowledge,noneof the approachesabove (apart
from simulatedannealing)seemdo be immuneagainstgetting trappedin somepoor local
minimumandhencedoesnot meetthesecriteria.



A further problemrelatesto the algorithmic propertiesof theseapproachesApart from
simplegreedystratgies[6, 12], mostapproachesvolve some(sometimesidden)param-
eterson which the computedocal minimum critically depends A typical exampleis given
by the artificial temperaturgparametein deterministicannealingapproachesndthe corre-
spondingiteratve annealingschedule. It is well known [56] that suchapproachegxhibit
comple bifurcation phenomenathe transitionsof which (that is, which branchto follow)
cannotbe controlledby theuser Furthermoretheseapproachesivolve highly nonlineamu-
mericalfixed-pointiterationswhich tendto oscillatein a parallel(synchronousyipdatemode
(se€[34, p. 906] and[50]).

Ourapproactbelonggo themathematicallyvell-understoodlassof corvex optimization
problemsand contributesto both of the problemsdiscussedabove. Firstly, there exists a
global optimumundermild assumptionsvhich, in turn, leadsto a suboptimalsolutionof the
original problem,alongwith clearnumericalalgorithmsto computeit. Abstractingfrom the
computationaprocesswe cansimply think of a mappingtaking the datato this solution.
Thus,evidently, no hiddenparameters involved. Secondlyundercertainconditionsbounds
canbederivedwith respecto thequality of thesuboptimakolution. At presentthesebounds
arenottight with respecto themuchbetterperformanceneasuredh practice.Yetit shouldbe
notedthatfor alternatve optimizationapproachegyerformancéoundsanda corresponding
routeof researctseento be missing.

1.3.2 Graph Partitioning, Clustering, Perceptual Grouping

As illustratedin Sectionl.2, thereis a wide rangeof problemsto which our optimization
approachcan be applied. While an in-depthdiscussionof all possibleapplicationsis not
possible,we next briefly discusswork which relatesto the applicationswe useto illustrate
our optimizationapproach.

Graph partitioning. Approacheso unsupervisedmage segmentationby graph par
titioning have beenproposedby [46, 58, 27], and referencegherein. Imagesare repre-
sentedby graphsG(V, E) with locally extractedimagefeaturesasverticesV and pairwise
(dis)similarityvaluesasedgeweightsw : E C V x V — R{ (Figure4). A classicabpproach
for the efficient computatiorof suboptimalutsis basedon the spectraldecompositiorof the
Laplacianmatrix [22]. This approachhasfound applicationsin mary differentfields [46].
Accordingly, Shi and Malik [58] proposethe “normalizedcut” criterion which minimizes
the weight of a cut subjectto normalizingtermsto preventunbalanceduts. The resulting
combinatorialproblemis relaxed usingmethodsfrom spectralgraphtheory For a surwey of
furtherwork in this directionwe referto [62]. Basedon [38], Gdalyahuet al. [27] suggest
to computepartitionsas “typical average”cuts of the underlyinggraphusing a stochastic
samplingmethod.Althoughthis approachis very interestingjt doesnot directly relateto an
optimizationcriterionandthereforewill notbefurtherdiscussed.

3A recentnotableexceptionwith respecto a morerestrictedclassof optimizationproblemsis [11].



Figure4: Representingmagepartitionsby graphcuts: Theweightsof all edgesut provide a
measurdor the dissimilarity of theresultinggroups.

It hasbeencriticized in [27] thatmethodsbasedon spectralgraphtheoryarenot ableto
partition highly skewed datadistributions and non-compactlusters. We will shov below,
however, that a straightforward remedyis to basethe similarity measureon a suitablepath
metric. Furthermorepur approaclyieldsatighterrelaxationof the underlyingcombinatorial
problemandhencebettersuboptimalksolutions.

Recentapproacheto supervisedyraphpartitioning(imagelabeling)include[36, 11] and
referencesherein. Theseauthorsconsiderthe caseof non-binarylabelsz; andthefollowing
classof optimizationcriteria:

Y Di(z)+ Y Piylwa)) (1)

19% (i,))EE

While Boykov et al. [11] require P, ;(-,-) to be a semi-metric,Ishikawva [36] makes the
strongemssumptiorp; ;(z;, ;) = P(x; —x;) with P beingcorvex. In this paperwe consider
the caseof binarylabelsanddo not make any assumptionsvith respecto pairwiseinterac-
tiontermsp; ;. Unlike asemi-metric for example,P; ; may notvanishfor z; = z; or canbe
negative.

Clustering. Theapproachet unsupervisetmagepartitioningdiscusse@bose mayalso
be understoodas clusteringmethods,of course. In this paper we focusin detail on image
bi-partitioningby computingconstrainedninimal cutsof the underlyinggraph.Consecutie
partitionsthusleadto a hierarchicaklusteringmethod(cf., e.g.,[39]).

An importantissuein this contet is clusternormalizationn orderto avoid toounbalanced
partitions. In general normalizationcriterialeadto rationalnon-quadraticermsof the cost
functional [20, 35] to which our optimizationapproachcannotbe directly applied. Below,
however, we investigateclusternormalizationby imposingvariouslinear constraintsasin-
troducedby ShiandMalik [58] asa relaxationof their specificnon-quadratiaormalization
criterion. Recently the (natural)useof path-metricdor (dis)similarity-basedlusteringwas
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alsoadwocatedn [23].

Perceptual grouping. Thereis a vastliteratureon perceptualgroupingin vision. For a
surwey, we referto [55] and, e.qg.,[37, 2] andreferencegherein. In this paper we merely
focusfrom an optimizationpoint-of-view on the quadraticsalienyy measureof Heraultand
Horaud[34] the applicationof which hasbeenconsideredsdifficult dueto its combinatorial
compleity [63]. We shav below thatthis groupingcriterion cancorvenientlybe optimized
usingour approach.

1.3.3 Mathematical Programming

Semidefiniteprogrammings a relatively novel optimizationtechniquewhich hasbeensuc-
cessfullyappliedto optimizationproblemsin suchdiversefieldsasnoncomwex andcombina-
torial optimization,statistics,or controltheory For asurwey, we referto [65].

The methodusedin this paperfor relaxing combinatorialconstraintsgoesback to the
seminalwork of Lovaszand Schrijver [44]. Concerninginterior-point methodsfor convex
programmingwe referto numeroudextbooks[48, 66, 69] andsurneys[59, 65].

To performstep2 of our approachwe adoptthe randomizechyperplangechniquedevel-
opedby GoemansandWilliamson[31]. For a classicaloptimizationproblemfrom combina-
torial graphtheory(max-cutproblem)theseauthorswereableto shov that suboptimalsolu-
tions(for thespecificproblemconsideredrannotbe worsethan14%relative to the unknowvn
global optimum. Besideghe corvenientalgorithmdesignbasedon convex optimization,this
facthasmotivatedour work.

1.4 Organization of the Paper

In Section2, we formally definethreeoptimizationproblemsrelatedto unsupervisegarti-
tioning (Section2.1), perceptuafroupingor figure-grounddiscrimination(Section2.2),and
binary imagerestoration(Section2.3). The mathematicalelaxationof combinatorialprob-
lemsof this classis the subjectof Section3. We explain the derivation of a corresponding
semidefiniteprogram(Section3.1), its feasibility (Section3.2), relatedalgorithms(Section
3.3), performancebounds(Section3.4), andthe superiorityof corvex relaxationto spectral
relaxation(Section3.5). We discussnumericalresultsfor realscenesandground-truthexper
imentsin Section4. We concludeandindicatefurtherwork in Section5.

1.5 Notation

The following notationwill be usedthroughoutthe paper For basicconceptsfrom graph
theory we referto, e.g.,[19].



e vectorof all ones:e = (1,...,1)T

D(z) diagonalmatrix with vectorz onits diagonal:D;; = x;
D(X) matrix X with off-diagonalelementsetto zero

I unit matrix I = D(e)

Sm spaceof symmetricn x n matricesX " = X

St setof matricesX € S™ which arepositive semidefinite

X eY  standardnatrixscalamproductX ¢ Y = Tr[X Y]

G(V,E) undirectedgraphwith verticesV = {1,...,n} andedgest CV x V

w weightfunctionof thegraphG: w : E — R{

w(S) sumof edge-weight®f thesubgraphnducedby thevertex subsetS C V
S complemen?’ \ S of thevertex subsetS C V

w(6S)  weightof acutdefinedoy the partition S, S

w weightedadjaceng matrix of graphG: W;; = w(i, j), i,j € V

L Laplacianmatrix of graphG: L = D(We) — W

Ax(L) eigervalues), (L) < --- < A\, (L) of theLaplacianmatrix L of graphG
||| Euclidiannormof thevectorz: ||z|| = 2Tz

2 Problem Statement: Binary Combinatorial Optimization

In this sectionwe formally defineoptimizationcriteriaaccordingto the problemsntroduced
in Sectionl.2. Thesecriteriawill turnoutto bespecialinstance®f quadratidunctionalsover
binary decisionvariablessubjectto linear constraints.Relaxationsof thesedifficult combi-
natorialproblemsfor computingsuboptimalsolutionsin polynomialtime will be studiedin

Section3.

2.1 Unsupelrvised Partitioning

Considera graphG(V, E) with locally extractedimagefeaturesasverticesl’ and pairwise
(dis)similarityvaluesasedge-weights : E C V x V — Ry . We wishto computea partition
of thesetV into two coherengroupsV = S U S asdepictedn Figure4. Representinguch
partitionsby anindicatorvectorz € {—1, +1}", theweightof a cutis givenby (cf. Section
1.5):
w(ES)= Y wlij) = % S wlis ) (e — )" = %xTLx . @)
1€S,j€S 5,JEV

If theweightfunctionw encodes similarity measurdetweerpairsof featuresthencoherent
groupscorrespondo low valuesof w(45S).

In orderto avoid unbalancegartitionswhich arelik ely whenminimizingw(4S), Shiand
Malik [58] suggestedhefollowing normalizedobjectve function:

w(dS) _w((SS)

w(S) + w(3S) " w(S) + w(sS)

9



Sincethis optimizationproblemis intractable they derivedthefollowing relaxation(normal-
izedcut):

. .’L'TL.T) T n

lgfm s e D(W@)x =0 ; T € {_b, ].} y (3)
wherethe numberb is not known beforehand.Hence,this integer constraintis droppedin
practice.Writing D asashorthandor D(We) andy = D/2z, problem(3) becomes:

Hi|1|1f1 y'Ly, e'DY?y=0, L=D'Y2LD7'/?%.
yll=
Sincee is the eigervector of the Laplacianmatrix L with eigervalue 0, sois D/2e with
respecto thenormalizedLaplacianmatrix L. Consequently: = D~'/2y solves(3) (without
the integer constraint) wherey is the eigervectorof L correspondindo the secondsmallest
eigervalue.Finally, theintegerconstrainis takeninto accounby thresholdingheeigervector
usingsomesuitablecriterion[58].

The approach(3) is closeto the following classicalpartitioning approachfrom spectral
graphtheory(see.e.g.,[46] for asuney):

ir;fxTL:c , elz=0, ze{-1,+1}". (4)

Criterion (4) hasa clearinterpretation:Determinea cut with minimal weight (cf. (2)) sub-
jectto the constraintthat eachgroup hasan equalnumberof vertices:e"z = 0. Similarly,
droppingthenormalizationin (3) andsettingz € {—1, +1}", theinterpretatiorof (3) is: De-
terminea cut with minimal weight suchthateachpartition hasan equalnumberof degree$.
In the context of imagepartitioning, this may be moreappropriatehanthe constraintin (4)
andthusexplainsthe succes®f ShiandMalik’ sapproach.

The foregoing discussiorraisessomenaturalquestions\Which otherconstraintsareuse-
ful for unsupervised@nagepartitioning?How to take into accountheintegerconstraintwith
respecto x;, ¢ = 1,...,n, for deriving anappropriaterelaxationof the combinatorialopti-
mizationproblem(asopposedo doing thatafterwardsjust by thresholding)?To investigate
differentconstraintsyve definethe following criterionfor unsupervised@magepartitioning

igfacTLx , c'z=0, ze{-1,+1}", (5)

andfocusin Section3 on anappropriataelaxationof theintegerconstraint. The vectorc in
(5) is anapplication-dependewbnstraintvectordefiningwhatwe meanby a “balancedcut”.
Exampleswill begivenin Sectior4.2.

If thevectorc is choseninappropriatelythe problem(5) may have no feasiblesolution(a
simpleexampleis the casec = e with n beingan odd number). In this case,an additional
variablez, € R canbeincorporatedo closethegapin thebalancingconstraint:c' z+xz¢ = 0.

“Thedegree(We); of vertex i is thesumof incidentedge-weights.
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To minimize zy, it is alsoincludedinto the objective function,hencearriving at the following
problemformulation:
-

. z\' (L 0 z c z n
() G0 () ()0 e

whereq is asufficiently largenumber As aninfeasibleinstanceof problem(5) doesnotneces-
sarily leadto aninfeasiblerelaxation this extensionis not alwaysnecessaryor our approach
to work properly Exactconditionswhich the vector ¢ hasto satisfy so that the relaxation
consideredn this paperis feasiblewill begivenin Section3.2. Sincein practice,however,

theseconditionsare satisfiedfor all the applicationsstudiedin Section4, the extension(6)

will notbefurtherconsideredere.

Remark 1
We notethat problem(5) doesnot conformwith optimizationproblemsof the form (1) and
correspondin@ssumptions.

2.2 Perceptual Grouping and Figure-Ground Discrimination

Hérault and Horaud [34] investigatedthe following combinatorialminization problemfor
figure-grounddiscriminationand perceptualgroupingin termsof binary labelsp € {0,1}"
for n primitives:

Esaliency(p) + )\Econstraint(p) ) )‘ € R+ 9 (7)

where

2
Esaliency(p) - - Zw(za])pzpj 3 Econstraint(p) - <sz) . (8)
1,7 3

The interactioncoeficients w(i, j) encodesimilarity measuredetweenpairs of primitives
like cocircularity smoothnessproximity, or contrast(see[34]). Accordingly, the first term
in (7) measureghe mutual reinforcementetweenpairs of primitivesi, j labelledasfore-
ground:p; = p; = 1. Thesecondermin (7) penalizegrimitiveswhich do notreceve much
“feedback”from otherprimitivesandprobablydo not belongto somecoherengroup.

HéraultandHoraudinvestigatedrariousannealingapproaches orderto find goodmin-
imizersof (7). Thedisadwantage®f this classof optimizationapproachesverediscussedn
Sectionl1.3.1. Accordingly, in a recentcomparison63], the combinatorialcompleity in-
volved hasbeenconsideredas a decisve disadwantageof usingthis approachasa salieny
measurdor perceptuagrouping.

We wish to shav below thata good minimizer can corveniently be computedwith our
approach. To this end, we transformthe 0/1-variablesp to +1-variablesz = 2p — e and
obtainthefollowing problemformulation(up to constanterms):
inf ixT()\eeT - W)z + %eT(/\nI W)z, ze{-1,+1}", 9)

T
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with entriesof the matrix W;; = w(i, j). Theformulation(9) makesmoreexplicit therole of
the global parameter\ which actsin a twofold way asa thresholdparameterPrimitivesi, j
reinforceeachotherif theirsimilarity valuelV;; is largerthanA (firstterm),andeachprimitive
i is (additionally) favoredif its average degree(similarity value) (WWe);/n is larger than A
(secondterm). Both termstogetherresultin a meaningfulglobal measureof “cohereng”
basedn pairwisecomparison®f locally computedorimitives.

Remark 2
We noteagainthatproblem(9) doesnot conformwith optimizationproblemsof theform (1)
andcorrespondin@ssumptions.

2.3 Restoration

Considersomescalarvaluedfeature(gray-\alue,color feature texturemeasureetc.) g € R"
which hasbeenlocally computedwithin theimageplane. Supposehatfor eachpixel 7, the
feature-alueg; is known to originatefrom eitherof two prototypicalvaluesu, u,. In practice,
of coursey is real-valueddueto measuremergrrorsandnoise.

To restorea discrete-aluedimagefunctiongivenby thevectorz € {—1,+1}" from the
measurementg, we wish to minimizethefollowing functional:

Z(I) = % Z ((’U,Q — Ul).fz' -+ U2 + Uy — 2g1)2 -+ % Z(.IZ — iI?j)Q . (10)

i (4,5)
Here,thesecondermsumsover all pairwiseadjacenpixelson theregularimagegrid.
Functional(10) comprisegwo termsfamiliar from mary regularizationapproachefs]: A
data-fittingtermanda smoothnestermmodelingspatialcontext. However, dueto theinteger
constraintz; € {—1, 1}, theoptimizationproblemconsideredhereis muchmoredifficult than
standardegularizationproblems.
Up to constanterms,functional(10) leadsto thefollowing optimizationproblem:

1 1
inf ZxTQx + EbTx , xe{-1,+1}", (11)

with

-2\ : 1,7 adjacent

bi = (ug — u1)(ug +u1 — 2g;) , Qij = { 0 : otherwise

Notice thatin this case,in contrastto the problemsintroducedin the previous sectionsthe
problemmatrix @) is very sparsewhichis anadwantagegrom the computationapoint of view.

Remark 3

We arewell awarethat problem(11) doesconformwith optimizationproblemsof the form
(1) andthuscanbe solvedto optimality usingthe methodspresentedn [36, 11]. However,
dependingon the applicationconsideredjt might be usefulto modify the termsin (10) to
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modelpropertieof theimagingdevice (data-fittingterm)or to take into consideratiora priori
known spatialregularities(smoothnesserm; see,e.g.,[9, 64]). Thesemodificationswould
leadto otherentriesfor @@ andb, which could violate the assumptiongor (1) but would not
affectthe applicability of our approachExploringthesepossibilities,however, is beyondthe
scopeof this paper

3 Optimization by Mathematical Relaxation

In this sectionwe introducethe optimizationapproachto solve the differentproblemspre-
sentedn the previous section. To this end, notice that the perceptuabroupingproblem(9)
aswell astherestoratiorproblem(11) both canbe written in theform (5) introducedfor the
unsuperviseg@artitioningproblem.To seethat,onehasto homogenizéheobjective functions
of (9) and(11), which areboth specialcasef a generalkjuadraticfunctionalz " Qz + 2b" z,
in thefollowing way:

! b
' Qr+2b'x = (T) L(alj) , L= <bc‘2r 0) )

Hence both problemsarespecialinstance®f problem(5) with ¢ = 0 andsizen + 1, if L is
generalizedo be a symmetricmatrix which is subjectto no further constraints.Indeed,we
do not needL to bethe Laplacianmatrix of a graphfor the following relaxation. Therefore,
in this sectionwe will only assumehat L € S§™, andwe will alwaysreferto problem(5).
Theresultsthenapplyto all threeproblemsfrom Section2, exceptit is statedotherwiseby a
specialchoiceof the constraintvectore.

The relaxationapproachnow consistsof two steps: Firstly, the problemvariablesare
lifted into a matrix space andthe combinatorialconstraintsare weaklyincorporatedn that
space(Section3.1), thusyielding a semidefiniterelaxationof (5). This lifting stephasbeen
introducedin a moregeneralsettingby Lovaszand Schrijver [44]. For the resultingconvex
optimizationproblema solutionis computedusing interior point techniques. Secondly a
combinatorialsolution must be found basedon the relaxed solution computedin the first
step.To thisend,we applytherandomizecdyperplandechniquedevelopedby Goemansand
Williamson[31] (Section3.3). We alsoprovide boundsonthequality of thesolutiong(Section
3.4) andcomparehesewith a spectrarelaxationapproach(Section3.5).

3.1 SemidefiniteRelaxation

In orderto relaxtheproblem(5), wefirst replacehelinearandintegerconstraintyespectrely,
by quadraticones: (¢'z)? = 0 andz? — 1 = 0, i = 1,...,n. Denotingthe Lagrangian
multiplier variableswith y;, i = 0, ..., n, the Lagrangiarof (5) reads:

"Lz — yo(c'z)? — Z yi(z; —1) =2 (L —yocc” — D(y))z +e'y. (12)

=1
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The correspondingninimax-problemis:

supinfz’ (L — yoce” — D(y))z+e'y .
yo.y *

Sincex is unconstrainedow, theinnerminimizationis finite-valuedonly if L —yycc” — D(y)
is positive semidefinite Hencewe arrive at the relaxed problem:

za:=supe'y, L—yocc' —D(y) e S . (13)
yan

Theimportantpointhereis thatproblem(13)is a corvex optimizationproblem! ThesetS? is
acone(i.e. aspecialcorvex set)which alsois self-dual,sothatit coincideswith its dualcone
[48] givenby:

(") ={Y: XeY >0, X €S"}.

To obtaina connectionto our original problem,we derive the Lagrangiandual of (13).
Choosinga Lagrangiammultiplier X € 8%, similar reasoningasabove yields:

24 = Sup Xlggn ely+Xe (L — yocc! — D(y))

Yo,y +

< inf supe'y+ X o (L - yoce| — D(y))
XESY yoy

= inf supLe X — D(y) e (X —1I) —yocc' ® X .
XESY yo,y

Heretheinnermaximizationof thelastequationis finite only if D(X) = I andcc™ ¢ X = 0.
Hence we obtainthe following problemdualto (13):
zp= inf LeX, cc'eX=0,DX)=1, (14)
Xest
which againis cornvex.

In orderto comparethe objective function of this final semidefiniterelaxation(14) with
thatof theoriginal problem(5), we rewrite the latterasfollows:

iIzlf ' Lz = iIalsz oz’ .

Note thatthe matrix zz " is positive semidefiniteand hasrank one. A comparisorwith the
relaxed problem(14) shavs thatzz " is replacedby an arbitrary matrix X € S% (i.e. the
rankoneconditionis dropped)andthe constraintsarelifted to the higherdimensionakpace
accordingly

In orderto illustratehow the corvex relaxation(14) approximateshe combinatorial,non-
convex problem(5), let us considerthe casen = 3. In this casethe matrix X in (14) has
six unknavnsdueto symmetry(the upper(or lower) triangularpart). The intersectiorof the
corvex setS”? with the threehyperplanesiefinedby D(X) = I yieldsthe corvex set{X €
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Figure5: The setof feasiblesolutions{X € S%|D(X) = I} for the corvex problemre-
laxation (14), for n = 3 andc = 0. The subsetof feasiblecombinatorialsolutionsonly
containghefour extremepoints.For ¢ # 0, this setadditionallyhasto beintersectedvith the
hyperplanec’ e X = 0.

S?|D(X) = I}, whichis shavnin Figure5. It lookslik e apolytopewith four vertices(which
correspondo thecombinatoriakolutionsof theunrelaxedproblem)but with non-linearfaces.
Thesetof feasiblesolutionsfor (14) is now obtainedby additionallyintersectinghis setwith
the hyperplanecc™ @ X = 0. This shaws that the original combinatorialproblem(5) only
hasa feasiblesolutionif atleastoneof the extremepointsof {X € S?|D(X) = I} lieson
this hyperplane Neverthelessthe relaxedsolutioncanalwaysbe determinedoy minimizing
numericallythe linearfunctional . ¢ X over thefeasibleset, providedthatthis is not empty
(seeSection3.2). The nearestkxtremepoint may then be consideredas the combinatorial
solutionof (5), or atleastasthecombinatoriakolutionwhich bestapproximatesheconstraint
c'z=0.

Thissimpleexampleillustratesafundamentatact: Intricateconstraintcanberepresented
by simpler setsin higherdimensionalspaces. This factis well-known in otherfields like
patternrecognitionandstatisticallearning[14, 60, 18].

3.2 Duality and Feasibility

The primal and dual optimizationproblems(14) and (13) both belongto the classof posi-
tive semidefiniteprograms.The elegantduality theory correspondindo this classof corvex
optimizationproblemscanbe foundin [48]. Thefollowing duality theoremis alsoprovided
there:

Theorem 1 (Strong duality for positive semidefiniteprogramming) If (14) and (13) both
arefeasibleandthereis a strictly interior pointfor either(14)or (13),thenoptimalprimal and
dual solutionsX*, (v, v*) existandthe correspondingoptimalvaluesare the samei.e. they
yield no duality gap:

zp—2a=LeX*—ely*=0.
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Thecorvex optimizationproblemsconsideredhn this paperareknown to be“well-behaved”
accordingto this theorem. A strictly interior point for the dual problem(13) canalwaysbe
foundby settingy, = 0,y = —ae with a largeenough For theprimal problem(14), afeasible
solutionis givenby X = I for ¢ = 0 andby X = 2.1 — —-ee' for ¢ = e. Otherwiseit
maybepossibleghatnofeasiblesolutionfor the primal problemexistsif thevectorcis chosen
inappropriately This situationis illustratedby thefollowing example:For thecasen = 2, the
constraintsn (14)yield X = (1) with a = —%. Additionally, —1 < a < 1 hasto hold
for X to be positive semidefinite Obviously, thisis only valid for ¢; = ¢,. Thusfor all other
choicesof ¢ the primal problem(14) hasno feasiblesolutionin this case.

In general,it is possibleto characterizeexactly the situationswhenthe primal problem
(14)is feasible.Thefollowing resultis mainly basedon a propositiongivenin [41]:

Theorem 2 The problem (14) is feasiblefor a positive constaint vectorc (¢; > 0, ¢ =
1,...,n) if andonlyif cis balancedj. e.

<Y ¢ foral i=1,...,n.
i#i

Proof. As ¢ > 0, thematrixcc' is positive semidefinite. The balancingconstraintyields
0=cc'eX =Tr[cc" X] =, Mi(cc" X). As X is alsopositive semidefinitesois cc” X, and
it followsimmediatelythatce™ X hasto bethenull-matrix. As thisis equivalentto X¢ = 0, ¢
mustbe containedn thenull spaceker(X ). Proposition3.2in [41] now concludeghe proof:
Thelinearspacegeneratedby c is containedn ker(X) for amatrix X € S7 with D(X) =1
if andonly if ¢ is balancedTheproof for this propositioncanbefoundin [16]. O

Dueto thisresult,we will only considerexamplesin Sectiond.2wherec is balanced.

3.3 Interior Point Algorithm and RandomizedHyperplanes

To computethe optimal solutions X* and (y;, y*), a wide rangeof iterative interior-point
algorithmscanbe used. Typically, a sequencef minimizers{X,, (vo),, ¥}, parameterized
by aparameter), is computeduntil theduality gapfalls belov somethreshold. A remarkable
resultin [48] assertghatfor the family of self-concordanbarrierfunctions,this canalways
bedonein polynomialtime, with thecompleity dependingon the numberof variables: and
thevalueof e.

Noticethatdueto theconstraintc” ¢ X = 0, thesmalleskigervalueof X hasto beequal
to 0 (cf. proof of Theorem2), so that no strictly interior point for the primal problem(14)
exists. Becausef this obsenationwe decidedio usethe dual-scalingalgorithmfrom [4] for
ourexperiments.Thisalgorithmhastheadwantagehatit doesnotneedto calculateaninterior
solutionfor theprimal problemduringtheiterations put only for thedualproblem.Moreover,
it is capableo exploit thesparsitystructureof agivenproblembetterthanothermethods.The
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primal solutionmatrix X* is not computeduntil the optimal dual solution (y§, ¥*) hasbeen
reached.

Basedon this solution matrix X* to the corvex optimizationproblem(14), we have to
find a combinatorialsolution z to the original problem(5). To achiese this, we usedthe
randomized-hyperplanechniqueproposedy Goemansand Williamson[31]. To this end,
the following interpretationof the relaxationdescribedin Section3.1 is more corvenient:
SinceX* € 8%, we cancomputeX* = V'V, V = (v,...,v,) usingthe Cholesly decom-
position. Fromthe constraintD(X) = I it followsthat||v;|| = 1, ¢ = 1,...,n. Hencethe
relaxationstepin Section3.1 maybeinterpretecasassociatingvith eachprimitive z; avector
v; on the unit spherein a high-dimensionaspace Accordingly, the matrix (zz");; = z;z; is
replacedby thematrix X;; = v, v;.

Choosinga randomvectorr from the unit sphere,a combinatorialsolution vector z is
calculatedfrom X* = VTV by settingz; = 1if v;/r > 0 andz; = —1 otherwise. This
is donemultiple times for differentrandomvectors,letting the final solutionzspp be the
onethatyields the minimum valuefor the objective functionz " Lz. This techniquemay be
interpretedasselectingdifferenthyperplaneshroughthe origin, identifiedby their normalr,
thatpartitionthevectorsy;, i = 1,...,n in two sets.

Remark 4

Of coursefor ¢ # 0, thesolutionzspp Obtainedoy thistechniquedoesnot needto befeasible
for (5), asit is not requiredto satisfythe constraintc"z = 0. Thusit mayyield anobjective

valuezspp = zippLlzspp thatis even smallerthanthe optimal value of the semidefinite
relaxion z,. Therefore,somemodificationsof the randomized-hyperplantechniquehave

beenproposedn theliterature[25, 70], which for the specialcasec = e guarantedo find a

feasiblesolutionto theoriginalproblem(5) andevengive a performanceatio for theobjective

valueobtained.However, we stuckto the original randomized-hyperplanechnique asfor

theapplicationsonsideredn this paperit is notmandatoryto find afeasiblesolution: We are
only interestedn solutionsthat shouldbe quite balancedbut they do not needto be exactly

balancectutsof the associategjraph.Hence the constraint:" = = 0 mayratherbe seenasa
strongbiasto guidethe searcho ameaningfulsolutionthanasastrictrequirementespecially
in thecasewhenno feasiblecombinatoriakolutionexists!

3.4 PerformanceBounds

If ¢ = 0 asin theexamplesof Section2.2and?2.3,thecombinatoriakolutionzsp,p obtained
with the randomized-hyperplanechniqueis feasible. Basedon the resultsfrom [31], the
following suboptimalitypoundon the objective valuezspp canbe calculatedn this case:

Theorem 3 Theexpectedvalue E[zspp] of the objectivefunctionz = z " Lz calculatedwith
therandomized-hyperplartechniqueis boundedoy

Elzspp] < az, + (1 - a) Z |Lil
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whesee

2
a= min —— 7 ~0.878.
0<y<m 1 — cosy

Proof. Usingthe notationof the previous sectionwe have
2SDP = Z Lij (JJSDP)i(-TSDP)j
i
= Z Lijsgn(v;r)sgn(var) .
i
UsingLemmas3.2,3.4and3.2.2from [31], it follows
Elzspp] = Z L,-jE[sgn(UiTr)sgn(var)]
i
=Y Lij—2)  Li; Prlsgn(v;7) # sgn(v] r)]
i i

= Z Lij(1- %arccos(vij))
_ZL,J-—2ZLW 1+v ) =2 Li( 21—1;%]))

Lij<0 Lij>0
:aZL,]v v+ (1 —a) Z'LU‘
1,J
=az+ (1-a) Z|L”| O

A dravbackof this boundis thatit containsthe problem-dependertonstanty ; . [L;;|.
This cannotbe ommited,as . may containnegative entries.

Anotherboundwhich allows for L having negative entrieswasgiven by Nester@ [47],
who extendedthe resultsof GoemansandWilliamson[31] to maximizationproblemsof the
form (5) with ¢ = 0. His resultscan easily be reformulatedfor the minimization problems
consideredn this paper giving:

E[ZSDP] — Z*

* %
Zmax <z

<7 _1<
<5 -1<

e

with z* denotingthe optimalvalueof (5) andz}, ., denotingthe maximumvalueof the objec-
tive function subjectto the integer constraint. However, this relatve boundalsodependon
the probleminstanceasit employs the differencebetweenthe maximumandminimum val-
uesof the objectve function,which usuallycannotbe estimatedn advance.Finally obsene
thatthe following relationsbetweerthe differentmentionedvaluesof the objective function

alwaysholdtruefor ¢ = 0:

24 =12, < 2" < zgpp < 2,
§4 max

18



It shouldbe mentionedhatthe boundspresente@dbove arenot tight with respecto themuch

betterperformancemeasuredn practice(cf. Section4.1). However, for mostalternatve op-

timization approacheapplicableto the generalproblemclassconsiderechere,performance
boundsarelackingcompletely

3.5 Relation to Spectral Relaxation

In this sectionwe will comparethe corvex relaxationapproachwith spectralrelaxationap-
proaches.Theresultswill shav that corvex relaxationalwayscomparedavorably with the
computationof the so-called“Fiedler vector”, which is often usedfor the segmentationof
graphg22, 46].

First of all, we reformulatethe semidefiniterelaxationfrom Section3.1 asaneigervalue
optimizationproblem.Thisideadateshackto DelormeandPoljak[17]. Startingfromthedual
problemformulation(13), we parameterizeg = ae — v, wheree v = 0. Thenthe constraint
L—yocc"—D(y) = L—yocc' +D(v)—al € ST isequivalentto Ay (L—yocc” +D(v)) > «,
which resultsin the following representationf (13):

Zg =Supe 'y =supna = Sup NAmin (L — yocc' + D(v)) i (15)
Y0,y Yo, yo,e ! v=0
A spectralrelaxationapproachto (5) is basedon theideato keepthe constraintc'z = 0

out of the Lagrangianformulation of the problem, and insteadusingit in the minimizing
processHencewe look atthe problem:

zgp=minz 'Lz, c'z=0,2°=1,i=1,...,n. (16)

TER™ t

Substitutingasabore y = ae — v, with e"v = 0, thisresultsin the Lagrangian

' (L-D(y)z+e'y=2"(L—al+ D))z +ae'e—e'v
=z' (L+D(v))z,

asz'z = n followsfrom z? = 1, 4 = 1,...,n. Thecorrespondingninimax-problemnyields
thefollowing formulationof the spectrakelaxationbound:
zsg = sup inf 2" (L+ D(v))z
eTu—0c' =0

=supn inf z'(L+D())=

eTo=0 llzll=1,cTz=0
= sup nAmin(V' (L + D(v))V), (17)
eTv=0
whereV € R™(»=1) containsan orthonormalbasisof the complement*, i.e. V¢ = 0,
ViV =1
For the specialcaseof ¢ = e, thisboundwasfirst provided by Boppandg8] andRendland
Wolkowicz [53], independentlyPoljakandRendI[51] shovedthe equivalenceof the spectral
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relaxation(17) andthe semidefiniterelaxation(15) for this caseby investigatingthe broader
classof generalgraphbisectionproblems. This resultcan be extendedto the generalcase
¢ # e consideredere:

Theorem 4 The semidefiniterelaxation(13) yields the samelower boundon the objective
functionasthe spectal relaxation(17):

2d = ZSR
= sup nAmin(VT(L+D(U))V) )

eTv=0

Noticethatif (14)is notfeasible bothvalues(15)and(17) becomeunbounded!

Proof. Foreachy, € R,v € R", thefollowing holds:
Amin (VT (L + D())V) = . inf 2" (L+D(v))z
z||=1, ¢' =0

= inf 2" (L+ D))z —yo(c'z)?

llzll=1, cTz=0

> inf 2" (L + D))z — yolc' )’ (18)
= inf 2" (L —yocc” +D(v))a

= Ain (L — yocc| + D(v)) )

Building the supremumsmmediatelyyields zsr > z4. Now obsene thatif 3, approaches
negative infinity in (18), theinfimumwill only befinite if ¢"z become9):

lim inf 2" (L + D))z — yo(c'2)? = inf 2 (L+ D))z =
Yo—r—00 ||z|=1 ( ( )) bolc ) |lz||=1, ¢Tz=0 ( ( ))
sup ”iﬁlfl 2" (L+ D))z —yo(c'z)* > ol inf 2" (L+ D))z .
yo llzl|= z||=1,c¢' =0

Thuswe alsohave equalityfor the lastequation,andincludingthe supremunovere’v = 0
giveSzgR = 24 Ol

We now wantto derive a comparisorof the semidefiniterelaxationapproacho the com-
putationof the so-called‘Fiedler vector”. To this end,letstake a closerlook at thefollowing
wealer spectrakelaxationof (5):

Zspe:=minz' Lz, z'z=n,caz=0, (19)
TER™
i.e.theconstraintz € {—1,+1}" isrelaxedto ||z||? = n insteadof relaxingittoz? =1, i =
1,...,n.
Thefollowing Lemmabholds:
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Lemmal LetV € R™(-1) denotethe matrix definedn (17). Then
zsra = PAmin(VTLV) | (20)

andthesolutionof (19)is givenby

¥ =vnVuwyg ,

whele wy is the eigervectorcorrespondingo thesmallestigervalueof VT LV with thenorm
[[wol| = 1.

Proof. Let P = <ﬁc, V) andu = P'x = (0,w)",w = V'z. ThenP is orthonormal,
andz"Lz = ' P"LPu = w'"V"LVw attainsits minimumfor w = w, beingproportional
to the smallesteigervectorwy, ||wo|| = 1 of VTLV. Henceg* = Pu = 8V wy, wherej fol-
lows from the calculation:n = (z*)"z* = f%w] V"Vwy = 2. Thevaluefor zgp, follows
immediatelyby insertingz* into the objectve function. O

For the specialcaseof ¢ = e, this spectralrelaxationcorrespondso the computationof
the “Fiedler vector”, i.e. the eigervector z* to the secondsmallesteigervalue A\,(L) of the
matrix L. Thisfollows directly from (20) by observingthat

ieTLine LeTLV) (0 0
= N2

A2(L) = Ao ) AQ(vTLﬁe VTLV 0 V'LV

> = Auin(V T LV)
for ¢ = e and P definedasin the proof of Lemmal. Thefollowing factshavsthesuperiority
of the corvex relaxationapproachit follows immediatelyby comparingtheresultof Lemma
1 with (17):

Corollary 1 For ¢ = e, thefollowing inequalityon thelower boundsfor (5) is valid:
Zsr2 < ZSR = 24 - (21)

Apart from this fact of beinglesstight concerningthe value of the objectve function,
the spectralrelaxationwith the Fiedler vector z* hasanotherdisadwantage: To obtain the
correspondingombinatorialsolutionz of (5), a thresholdvaluet is usedto setthe entries
xz; = 1forz; > t andz; = —1 otherwise. This raisesthe questionfor an appropriate
choiceof this thresholdvalue. Two naturalapproacheseemto be promising: To sett = 0
(becausef the original +1/—1-constrainbn ) or to sett equalto the medianof z* (to meet
thebalancingconstraint "z = 0). However, we will shov belav thatanunsupervisedhoice
of thethresholdvaluemayfail completely
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Figure6: Signalz’ comprisingmultiple spatialscales.

4 Experimentsand Discussion

In this section we investigatehe performanceof the corvex relaxationapproactexperimen-
tally. In Sectiond.1,we startwith reportingthestatisticalresultsfor ground-truthexperiments
for restoratiorproblemsasdescribedn Section2.3,usingnoisyone-dimensionaignals.The

applicationof the corvex relaxationapproacho differentrealscenegrom all problemtypes
mentionedn Section2 will be presentedn Section4.2. Furthermorea brief discussiorof

differentaspect®f the semidefiniterelaxationapproachwill begivenin Sectior4.3.

4.1 Ground-Truth Experiments

To beableto analysehe performancef the corvex relaxationapproachdescribedn Section
3 statistically groundtruth data(theglobaloptimum)hasto beavailablefor theproblemunder
consideration.Therefore we decidedto investigatethe restorationof noisy one-dimensional
signalsusingthe functional (10), asin this casethe global optimumcanbe easilycomputed
usingdynamicprogramming.

For our experimentswe took the syntheticsignalz’ depictedin Figure6 which involves
transitionsat multiple spatialscales,and superimposed@aussiarwhite noisewith standard
deviation o = 1.0. Figure7, top, shavs an exampleof sucha noisy signal. Thenboththe
global optimumz* of (10) andthe solutionz of the corvex relaxation(14) were computed
from this noisy input signaland comparedo eachother A representatie exampleof the
restorations givenin Figure?.

To derive somesignificantstatistics this experimentwasrepeated. 000timesfor varying
valuesof A anddifferentnoisy signals. For each\-value,we thencalculatedthe following
guantities:

Az: Thesamplemeanof thegapAz = z — z* (measuredh % of theoptimum)with respect
to theobjective functionvaluesof thesuboptimabolutionz(z) andtheoptimalsolution
z2* = z(x*).

oa.. Thesamplestandardieviation of thegapA-z.

Az": Thesamplemeanof thegapAz' = z — 2’ (measuredh % of the optimum)with respect
to the objectie functionvaluesof the suboptimakolutionz(z) andthe syntheticsignal
z(x").

22



©

o)

]

| _17 L
0 50 100 _ 150 200 250

Pixel

300

o)

®

| _17 L
0 50 100 Pixel 150 200 250

300

o)

®

| _17 L
0 50 100 Pixel 150 200 250

Figure7: A representatie exampleillustrating the statisticsshavn in Fig. 8. Top: Noisy
inputsignal.Middle: Optimalsolutionz*. Bottom: Suboptimakolutionz.

oa». Thesamplestandardieviation of thegapAz'.

Moreover, we alsocalculatedhe samplemeanof the numberof misclassifiegpixelsin com-
parisonwith the optimalsolution.

Theresultsareshawn in Figure8. They revealthe accurag of the suboptimalsolutions
obtainedwith the semidefiniterelaxation: The averagerelative error for both the objectve
function value and the numberof correctly classifiedpixelsis belov 2%, comparedo the
optimumyvaluesof the objectie function. The correspondingneasuregor o, lie between
0.12%and1.33%.This shovsthatin practice the performancef the semidefiniterelaxation
approachs muchbetterthanthe boundspresentedn Section3.4.

Concerningherestoratiorof the original signalz’, it shouldbe mentionedhatthe signal
z' is notthebestsolutionof thefunctional(10), whichresultsin Az < Az'. Thisindicateghat
more appropriatecriteria shouldbe usedfor the restorationof signals,e.g.by incorporating
suitablepriors with respecto z’ (cf. [9]). Thedervationof suchcriteriais notthe objectve
of this paper However, the performancas still remarkablygood(cf. Figure8): For valuesof
the scaleparameten > 1.5, theaveragerelative errorfor the objective functionvalue Az’ is
below 3%, with the correspondingneasuresor oa - lying betweenl.95%and2.69%. The
high errorratesfor A < 1.5 canbeexplainedwith the dominatinglarger spatialscalesn the
signalz’.
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Figure 8: Averagerelative errorsAz and Az’ of the objective function for the suboptimal
solutionz in comparisorto the optimalsignalz* andthe syntheticsignalz’, respectiely, for
differentvaluesof the scaleparameten\. Also shavn is the averagepercentagef misclassi-
fied pixelsfor the suboptimalkolutionz comparedo the optimalsolutionz*.

4.2 RealScenes

In this sectionwe presentheresultsof the semidefiniterelaxationapproactby applyingit to
problemsfrom the differentfields presentedn Section2. For the unsupervisegbartitioning
examples,we also comparethe resultswith the segmentationobtainedby thresholdingthe
Fiedlervector

4.2.1 Preliminary Remark (Similarity Measures)

Recallthatthe objective in unsupervisegbartitioningis to split a graphwith someextracted
imagefeaturesas verticesinto two coherentgroups. To this end, the edgeweightsw (3, j)
building thesimilarity matrixarecomputedrom distancesl(i, j) betweertheextractedmage
featureg andj as
. _ @Gig)?

w(i,j)=e <« (22)
whered(i, j) ando arechosenapplicationdependentWe studiedtwo differentmethodsto
calculatethe similarity measures:

(i) Computew(i, 7) for all featurepairs(, j) directly, thusnotincludingary spatialinfor-
mation.
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Figure9: (a) A skewed datadistribution with two spiral-shapedyroups. (b) The shortest
Euclideanpathwithin the Delaunay-graplbetweerntwo pointsof the samegroup.
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(b)

Figure10: (a) Level lines of a Parzenestimateof the datadistribution. (b) Applicationof a
metricscalingtechniqug15] yieldsa Euclideanapproximationn 2D-spaceof theweighted-
pathdistancegmary pointsprojectto almostequallocations): As comparedo Figure9(a),
thetwo spiral-shapedroupsform morecompactlusters.

(i) Computew(i, j) only for neighboringfeatures,andderive the otheredgeweightsby
calculationof a pathconnectingthem. This is doneby computingthe shortestpaths
for the graphderivedfrom G by changingthe similarity weightsto dissimilaritiesand
transformingthembackafterwards. This resultsin a similarity measurevhich favors
spatiallycoherenstructures.

To motivatethe lattermethod(ii), consider~igure9(a), which showns a setof pointswith
the shapeof two spirals. It wascritically obsenedin [27] that spectralmethodsfail to par
tition such“skewed” coherentgroups. Indeed,Figure 9(b) shavs thatin the corresponding
Delaunay-graphthe shortesEuclideanpathbetweertwo pointsof the samegrouptraverses
the othergroup. As a consequence directpairwisecomparisorof Euclideandistancesand,
moregeneralmethod(i) above which ignoresspatialcontet, arenotappropriate.
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Figure11l: Weightedshortesipathsusingthe densityfrom Figure 10(a). (a) As comparedo
the Euclideandistancewithin-grouppathshave becomeshorter (b) The partition problemis
still nottrivial sinceshortespathsbetweenointsof the samegroupdo not alwayslie within
thisgroup.

Method(ii) providesa simpleremedyin this situation(cf. also[23]). Apartfrom “loca-
tion”, additionalattributeslike color, texture, etc. aretypically usedto define pairwisedis-
tances/similaritiemsedge-weights As a result, by usingweightedpathsasa distancemea-
sure,spatialcohereng is exploitedin the appropriatavay andresultsin shorterpathswithin
a group. For the exampleshown in Figure9(a), we simulatedsuchan additionalattribute by
a Parzenestimate[26] of the spatialdatadistribution (Figure (10(a)). Figure 10(b) visual-
izestheresultingdistancedy approximatinghemwith Euclideandistancesvithin 2D-space
using a classicalmetric scalingtechnique[15]. This resultshaws that points of a coherent
group have becomemore similar to eachother Accordingly, the partitiontaskhasbecome
morewell-definedout nottrival, of course:Weightedpathswithin groupshave beenshortened
(Figurell(a)),but theshortespathsbetweertwo pointsof the samegroupdo still notalways
lie within this group(Figure11(b)).

As we are mainly interestedherein the resultsof the semidefiniterelaxationapproach
from anoptimizationpoint of view, we did not work on moreelaboratecomputation®f the
w(i, j)-values.For asuney of numerousther(dis)similarity measuressee[52].

4.2.2 UnsupewisedPartitioning

Point sets.Figure12 shaws the partitionscomputedwith cornvex (Figure12(a))andspectral
(Figure 12(b)) relaxation,respectiely, for the examplegivenin the previous section(Figure
9(a)). As both spiralshave the samenumberof points,we usedc = e for this experiment,
with eachpointdefiningavertex in thecorrespondingraph.Althoughthe similarity weights
w(i, j) are calculatedusing the path-metricfrom method(ii), spectralrelaxationwith the
Fiedler vector still fails to computethe correctcut whereascorvex relaxationdoes. This
reflectsthetheoreticakesultsof Section3.5,showving the superiorityof the corvex relaxation
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Figure12: Pointsetclusteringfor Figure9(a). (a) Using distancedasedon weightedpaths,
convex relaxationcomputedthe correctpartition. (b) Partition computedwith the Fiedler
vectorthresholdedt 0. Correctseparations still not possibledueto the lesstight relaxation
of theunderlyingcombinatorialroblem.
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Figure13: Pointsetclustering.(a) Input datawith 160 points,weightscalculatedwith o =
0.0025 in (22). (b) Solutioncomputedwith corvex optimization,usingc = e. (c) Solution
computedwith the Fiedlervector thresholdedt the medianvalue: Spectrarelaxationfails!

approachfrom an optimizationpoint of view. This disadwantageof spectralrelaxationis
particularlyrelevantin the unsupervisedase asit is not known beforehandvhich heuristic
for thresholdingthe eigervectormight yield the desiredresult. On the otherhand,notethat
convex relaxationworkswithoutanythreshold.

Anothersituationis depictedin Figure13(a). This point setcomprisesa denseclusterin
the middle andequally distributedbackgroundclutter, both containing80 points. The simi-
larity weigthsw (3, j) arenow computeddirectly from the Euclidiandistancesi(i, j) between
all points(method(i)). Theresultsfor this example(Figure13) againshow the superiorityof
the corvex optimizationapproachWhile it successfullyseparatethe denseclusterfrom the
backgroundthe spectralrelaxationonly achievesan unsatiséctory partition. This is dueto
thefactthatthe Fiedlervectordoesnot give a clearcut value(cf. Figure14). Also noticethat
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Figurel4: TheFiedlervectorfor theexamplein Figurel3.

(d) (e)

Figure15: Grayscalamagepartitioning. (a) Inputimage(36 x 36 pixels)aspartof alarger
image(c = 8 - 255%). (b),(c) Segmentatiorcomputedwith corvex optimization: The handis
clearly separatedrom the ball. (d),(e) Solutioncomputedwith the Fiedlervector: No clear
separatiors obtainedby medianthresholding Thresholdingat O justseparatesnepixel from
therestof theimage.

the randomizechyperplanetechniquedoesnot give an exactly balancedcut: The two parts
contain78 and82 points,respectrely. But asthis correspondso the visualimpressionthis
is nodravback.

Grayscaleimages. To studythe partitioningof grayscaldmageswe createdthe neigh-

28



Figure 16: Color imagepartitioning, usingmethod(i). (a) Inputimage(298 x 141 pixels),
yielding209clustergo = 8-2552). (b),(c) Segmentatiorcomputedvith corvex optimization:
Similar colorsaregroupedtogether (d),(e) Segmentationcomputedwith the Fiedlervector
thresholdedat the median. Thresholdingat O just separate®ne pixel from the restof the
image.

borhoodgraphG which containsaverticefor eachpixel, andcalculatedhesimilarity weights
w(i, j) for adjacenpixelsasin (22), with d(i, j) denotingthe gray-\valuedifferenceof pixels
i andj. Theremainingsimilarity weightswerecomputedusingmethod(ii) to favor spatially
coherentstructures.Applying the corvex relaxationfor ¢ = e thenyields a segmentatiorof
theimageinto two partsof nearlythe samesize. The resultfor one sampleimageis shovn
in Figure 15. Here,the Fiedlervectoronly yields an unsatisctory segmentationwhereas
the convex relaxationapproactclearly separateshe handfrom the ball, giving two groups
containing647and649pixels,respectiely.

Color images. For largerimages,we first computedan oversgmentationby applying
the meanshift technique[13] at a fine spatialscalein ordernot to destry any perceptually
significantstructure. Insteadof thousandf pixels, the graphverticesare thenformed by
the obtainedclusters,andd(i, j) is computedasthe color differenceof two clustersin the
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Figurel7: Colorimagepartitioningfor theimagefrom Figurel6(a),usingmethod(ii). (a),(b)
Seggmentationcomputedwith corvex optimization: Spatiallycoherenstructuresarefavored.
(c),(d) Segmentationcomputedwith the Fiedler vectorthresholdedat the median: The re-
quirementhatboth partshave the samesizeinfluencegheresultnegatiely.

perceptuallyuniform LUV space.We appliedboth methods(i) and(ii) for the colorimage
showvn in Figure16(a). Theresultsapprose thewide rangeof applicabilityandthe succes®f

the semidefiniteelaxationapproachWhereaghe similarity measurdrom method(i) groups
togethermpixelsof similar colors(seeFigure16(b),(c)),method(ii) yieldsa segmentatiorinto

two reasonablespatially coherentparts(seeFigure 17(a),(b)). For this example,the results
obtainedby thresholdinghe Fiedlervectorat its medianvaluearealsoquite reasonablésee
Figuresl6(d),(e)and16(c),(d)),but acrucialpointis thatthethresholdvaluedoesnotemepge
naturally: Looking at the Fiedler vectorin more detail shavs that basically one clusteris

separatefrom therestof theimage,asonly oneentryhasalarge positive valuewhile mostof

the otherscontainsmall negative values.Notice oncemorethat on the otherhand,no choice
of athresholdvalueis necessaryor the semidefiniterelaxationapproach!

Choice of ¢. Sofar, the size of the clustershad no influenceon the similarity weights.
This may yield unsatisctory separatiorresults. Figure 18 givesan example: Herethe sky
accountsfor nearly half of the image (approx. 44%), but the oversgmentationputsall of
its pixelsinto onecluster As for ¢ = e, all clustersare of the sameimportanceno matter
how largethey are,the semidefiniterelaxationapproactsegmentsheimageinto two partsby
cutting the city, which containsmary small clusters(seeFigure 18(b),(c)). To derive a sey-
mentationwhich takesinto accounthedifferentsizesof the clustersthe balancingconstraint
canbe changedn the following way: Calculatethe numberof pixels m; containedn each
clusteri andsetc = m insteadof ¢ = e. Thuswe now searchHor a sggmentatiorwhich parti-
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(b) (c)

(d) (e)

Figurel18: Colorimagepartitioning.(a) Inputimage(512 x 404 pixels),yielding 408clusters
(o = 8- 255%). (b),(c) Sgmentationcomputedwith corvex optimization,with ¢ = e: The
imageis cutin two coherenparts.(d),(e) Segmentationrcomputedwith corvex optimization,
with ¢; equalto thenumberof pixelsin cluster:: Thelargestclusteris separatedrom therest
of theimage.
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(b)
Figure19: Sggmentationcomputedwith the Fiedlervectorthresholdedat the medianfor the
imagefrom Figure18(a): Separationnto spatiallycoherenpartsfails completely

tionstheimagein two coherenpartswith eachcontainingapproximatelythe samenumberof
pixelsinsteadof the samenumberof clusters.Theresultshavn in Figure18(d),(e)approses
the validity of this approach:Now the sky is separatedrom the restof the image, giving
a seggmentationin accordanceo our balancingconstraint. Notice that for this example,the
Fiedlervectorfails completelyto give a meaningfulseparatior{seeFigure19): Thresholding
atthemedianvalueyieldsno coherenseggmentationwhereaghresholdingat O only separated
3 clustersfrom thecity from therestof theimage.

Texture. Thefinal experimentfor binary partitioningdealswith grayscalemagescom-
prising somenaturaltextures. An exampleis shovn in Figure 20(a). To derive a texture
measurdor this image,we subdvidedit into 24 x 24 pixel windows, and calculatedocal
histogramdor two texture featureswithin thesewindows. Eachwindow thencorresponds$o
a graphvertex, andd(i, j) is computedasthe x?-distanceof the histogramgor all window
pairs (i, 7), thususing method(i). Consideringthe simplicity of this texture measurethe
sgmentatiorresultobtainedn thisway s excellent(seeFigure20(b),(c)).In orderto yield a
satishctoryresult,the Fiedlervectorhasto be thresholdedt O for this example. The median
thresholddoesnot make sensehere,astheimagedoesnot containtwo partsof the samesize.
Againwe notethat,in theunsupervisedasethisis not known beforehand.

4.2.3 Perceptual Grouping and Figure-Ground Discrimination

Figure21depictstheresultcomputedy minimizing (9) usingthecorvex relaxationapproach.
Asinputdatawe usedaline-finderdevelopedby thegroupof Prof. Forstnef21]. Figure21(b)
shows a few hundredline-fragmentscomputedfor the scenedepictedin (a). As similarity
measurew(i, j) betweentwo primitives(line-fragments) andj we usedthe relative angle
betweertheseprimitives.Correspondinglyasthegraphof w shonsin Figure21(c),two lines
aresimilar if thererelative angleis closeto a multiple of /2. We refer to [34] for more
elaboratesimilarity measuresvhich, however, arenot essentiafor testingour approactrom
the optimizationpoint of view.
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(b) (c)

(d) (e)

Figure 20: Grayscale-teture partitioning. (&) Inputimage(720 x 456 pixels),yielding 570
verticesof 24 x 24-pixel windows (¢ = 1), similarity weightscomputedwith method(i).

(b),(c) Segmentationcomputedwith corvex optimization. (d),(e) Segmentationcomputed
with the Fiedlervector usingthethresholdvalueO.
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Figure21: Perceptuagirouping.(a) Sectionof anoffice tableshavn from thetop. (b) Output
of aline finder. (c) Thesimilarity measureu (i, j) asafunctionof theanglebetweertwo line
fragments.Two fragmentsaremostsimilar if they are(nearly)orthogonako eachother Sev-
eralcoherengroupsof differentcardinalityexist in (b). (d) The minimizerof (9) determines
the“most coherent’groupof line fragmentsaandsuppressethe othergroups.

We note that several groupsexist in Figure 21(b) which are coherentaccordingto the
similarity measurev. The minimizer of (9) shovn in Figure21(d) determineghe keyboard
asthe“most coherent’group,asexpectedrom avisualinspectionof the scene.

4.2.4 Restoration

In Sectiord.1,we alreadypresentedheresultsof thecornvex relaxationapproactwith respect
to the restorationof noisy one-dimensionasignals. The resultconcerninghe restorationof
a two-dimensionaleal imageis shavn in Figure22. Consideringthatthe desiredobjectto
berestoredcomprisesstructuresat bothlargeandsmallspatialscalestherestoratiorresultis
fairly good.
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(b) (c)

Figure 22: Restoration.(a) Binary noisy original image(map of Iceland). (b) Suboptimal
solutioncomputedy corvex optimizationwith A = 2.0. (c) Original beforeaddingnoise.

4.3 Discussion

Combinatorial optimization. The experimentalresultsdemonstratéhat our approachis a
versatiletool for solving a broadrangeof difficult combinatorialproblemsin a cornvenient
way. For example,the usercanfocuson how to choosea constraintvectorappropriatefor
the applicationheis interestedn, ratherthanto worry aboutheuristicsandtechnicaldetails
in orderto avoid badlocal minima. Acrossseveral differentapplicationfields we obtained
meaningfulsolutionsaccordingo thecriterionwhichwasoptimized.The optimizationprob-
lem (9) suggestedby HeraultandHoraud[34], for instancejs a usefulsalieny measurdor
perceptualgroupingbut hasgainedonly a mixed reputationin the literature[63] dueto the
combinatoriacompleity involved. Our approacttonsiderablymitigatesthis latter problem.

Convex vs. spectral relaxation. We have shovn in Section3.5 that corvex relaxation
always providesatighter relaxationof the underlyingcombinatorialproblemin comparison
to spectrafrelaxation.In fact,thisimprovementoftencanbemadeexplicit by representinghe
convex optimumassolutionto aneigervalueoptimizationproblemin termsof the multiplier
variables> In mary caseghis theoreticalresultalsoturnedout to be significantin practice:
Spectralrelaxationmay yield a solutionwhich doesnt make sensdn respectof the chosen
optimizationcriterion. Furthermorespectratelaxationhasadecisve disadwantagen thecase
of unsuperviseclassification.The suitability of the criterionfor thresholdinghe eigervector
oftendepend®n the particulardatabeingprocessed.

Againwe note(cf. Section2.1) thatalternatve improvementsof spectrakelaxationtech-
niquesexist [58, 62]. Concerninghenormalizedcut criterion(3), we supposehatthechoice
of a differentconstraintvectorimprovesthe classicalspectralapproachof Fiedler In this
respectwe have considerablygeneralizedhe approachby takinginto accountarbitrarycon-
straintvectors. The effect of normalizingthe Laplacianmatrix in (3) on the tightnessof the
relaxationandthe thresholdingoroblemaredifficult to analyzeandleft asan openproblem.
For very recentwork basedon thenormalizedcut criterionwe referto [45].

SFrom the computationaliewpoint, this representatioiis lesscorvenientthanthe underlyingcorvex opti-
mizationproblem,however.

35



Image n | time(in sec.)
1D signal(Fig. 7) 256 3
spiral(Fig. 12) 256 30
pointset(Fig. 13) 160 10
hand/ball(Fig. 15) 1296 7745
colorimage(Fig. 16), method(i) 209 12
colorimage(Fig. 17), method(ii) 209 12
colorimage(Fig. 18(b),(c)),c = e 408 142
colorimage(Fig. 18(d),(e)),c =m | 408 165
textureimage(Fig. 20) 570 569
keyboard(Fig. 21) 466 184
iceland(Fig. 22) 8113 64885

Tablel: Sizesandcomputatiortimesfor thedifferentproblemsconsideredn this paper

Computational complexity. The pricefor the corvenientpropertiesof our optimization
approacHistedin Sectionl.listhesquaredumberof variablesof thesemidefiniteelaxation.
Althoughthe approaclof Bensonetal. [4] is ableto exploit a sparseproblemstructurevery
well, the computationtime quickly grows with the numberof variablessuchthat problems
with tenthousandsf variablescannotbesolved. While thisis notaproblemfor theperceptual
groupingof acoupleof hundredprimitives,it preventsat presentheapplicationto large-scale
problemdik e, for instancecombinatoriaimagerestoration(cf. Tablel).

An interestingtheoreticakesultin this context concernsdoundswhich have beenderived
for the maximalrankr of a matrix X solvinga semidefiniteprogram[3, 49]. Applying this
resultto the program(14), we obtainthebound

1
§r(r+1)§n+1,

hencer < v/2n for largen. This meansthatin principle the large numberof n? problem
variablescanbereducedy settingn—r rowsof thematrix V' in thedecompositionX = V'V
to zero(cf. Section3.3). Thefuturewill shov whetheralgorithmswill comeup which exploit
this propertyalongwith a considerablesaving of memoryandspeed-upmf computation.

5 Conclusionand Further Work

We worked out a semidefinitegprogrammingrramevork applicableto a broadclassof binary
combinatorialoptimizationproblemsin computevision. In our opinion,the major contritu-
tion of this work is to putinto perspectie afairly generalandnovel optimizationtechnique
asan attractve alternatve to establishedechniquesdueto soundunderlyingmathematical
principlesandthe absencef tuningparameters.
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So far, the focusof our work was primarily on mathematicabptimization: Corvex re-
laxation, existenceof feasibleconstraints/solutionsnd performancebounds. Although we
demonstratetheapplicability of theapproacHor threedifferentnon-trivial problemswe did
notspendmuchtime onworking outtailor-madesimilarity measure$or specificapplications.
Accordingly, in futurework, our focuswill shift to the relatedandgeneralproblemof learn-
ing suitablemetricsfor classification Furthermorewe will investigatehe caseof non-binary
classificatiormandmoreintricateconstraintsuchasthoseof relationalgraphmatching.
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