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Abstract

Weintroduceanovel optimizationmethod,semidefiniteprogramming,to thefield of
computervisionandapplyit to thecombinatorialproblemof minimizingquadraticfunc-
tionalsin binarydecisionvariablessubjectto linearconstraints.Theapproachis (tuning)
parameterfree and computeshigh-quality combinatorialsolutionsusing interior-point
methods(convex programming)anda randomizedhyperplanetechnique.Apart from a
symmetrycondition,no assumptionslike metric pairwiseinteractions,for instance,are
madewith respectto the objective criterion. As a consequence,the approachcan be
appliedto a wide rangeof problems.Applicationsto unsupervisedpartitioning,figure-
grounddiscriminationandbinaryrestorationarepresentedalongwith extensive ground-
truth experiments. From the viewpoint of relaxationof the underlyingcombinatorial
problem,we show thesuperiorityof our approachto relaxationsbasedon spectralgraph
theoryandprove performancebounds.

Keywords: Imagepartitioning,segmentation,graphcuts,perceptualgrouping,figure-ground
discrimination,combinatorialoptimization,relaxation,convex optimization,convex program-
ming

1A preliminaryversion[57] of this work waspresentedat theconference“Energy MinimizationMethodsin
ComputerVisionandPatternRecognition— EMMCVPR2001”.
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1 Intr oduction

1.1 Moti vation and Overview

Optimizationproblemsoccurin almostall fieldsof computervision andpatternrecognition.
Oneof themostimportantdesigndecisionsconcernsthecompromisebetweenadequacy of the
optimizationcriterionandthedifficulty to computethesolution.An inadequateoptimization
criterion will not solve the applicationproblem,no matterhow easyit is to computethe
optimum.Conversely, sophisticatedcriteriawhichcanonly beoptimizedwith suffienta priori
knowledgelike, e.g.,a goodstartingpoint or afterelaborateparametertuningareuselessin
practiceaswell. For this reasonoptimizationapproachesareattractive which help make a
“good” compromisein this sense.

In this paperwe introducea novel optimizationtechnique,semidefiniteprogramming, to
thefield of computervisionandapplyit to minimizequadraticfunctionalsdefinedoverbinary
decisionvariablesandsubjectto linearconstraints.Numerousproblemsin computervisionin-
cludingpartitioningandgroupingleadto combinatorialoptimizationproblemsof thistype.In
contrastto relatedwork, nospecificassumptionsaremadewith respectto thefunctionalform
besidesa symmetrycondition. As a consequence,our approachcoversgraph-optimization
problems,unsupervisedandsupervisedclassificationtasks,andfirst-orderMarkov random
field estimateswithout dependingon specificassumptionsor problemformulations.There-
fore it canbeutilized for awider rangeof applications.

Thecombinatorialcomplexity of theoptimizationtaskis dealtwith in two steps:Firstly,
thedecisionvariablesarelifted to ahigher-dimensionalspacewheretheoptimizationproblem
is relaxed to a convex optimizationproblem. Specifially, the resultingsemidefiniteprogram
comprisesa linear objective functionalwhich is definedover a conein somematrix space,
andanumberof application-dependentlinearconstraints.Secondly, thedecisionvariablesare
recoveredfrom theglobaloptimumof therelaxedproblemby usinga smallsetof randomly
computedhyperplanes.

Using this optimizationtechniqueamountsto a compromiseas follows. Advantageous
propertiesare:+

The original combinatorialproblemis transformedto an optimizationproblemwhich
is convex. As a consequence,the global optimumof the transformedproblemcanbe
computedundermild conditions.+
Using an interior-point algorithm,an , -approximationto this global optimumcanbe
numericallydeterminedin polynomialtime.+
Notuningparametersarenecessary.+
In contrastto spectralrelaxation,no choiceof a suitablethresholdvalue is necessary.
Thismakesourapproachespeciallysuitedfor unsupervisedclassificationtasks.
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Figure1: A colorscene(left) andagray-valuescenecomprisingsomenaturaltextures(right).
How to partitionsuchscenesinto coherentgroupsin anunsupervisedway basedon pairwise
(dis)similaritiesbetweenlocal measurements?

On thenegativeside,wehave:- Thenumberof variablesis squared.

Thislimits theapplicationto problemswith upto severalhundredvariableswhichis,however,
sufficient for many problemsrelatedto imagepartitioningandperceptualgrouping.Further-
more,theincreaseof theproblemdimensionis necessaryin orderto approximateanintricate
combinatorialproblemby a simplerconvex optimizationproblem! Intuitively, nastycombi-
natorialconstraintsin theoriginalspacearelifted to ahigher-dimensionalmatrixspacewhere
theseconstraintscanbebetterapproximatedby convex setswhich, in turn, aremoreconve-
nientfor numericaloptimization.Hence,we add:+

High-qualitycombinatorialsolutionscanbecomputedbysolvinganappropriateconvex
optimizationproblem.

“High-quality” meansthat the solutionsobtainedarenot far from the unknown global op-
timum (the computationof which is NP-hardandthus intractable)in termsof the original
optimizationcriterion.

Theabsenceof any specificassumptionsabouttheobjectivecriterionaswell asthe“
+

”-
propertieslistedabovemotivatedthis investigation.

1.2 Partitioning, Grouping, and Restoration

In this section,we illustratethreeproblemswhich leadto differentinstancesof the classof
optimizationproblemsconsideredin thispaper. By thiswewishto indicatethesignificanceof
this problemclassfor computervision andto exemplify somenon-trivial specificproblems.
More formalproblemdefinitionswill begivenin thefollowing sections.

Figure 1 shows two imagestaken from the VisTex-databaseat MIT [61]. A common
goal of low-level computervision is to partition suchimagesin an unsupervisedway into
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Figure2: Sectionof anoffice tableshown from thetop. Thekeyboardprobablyfirst attracts
theattentionof theobserver. How to computethis figure-grounddiscrimination(globaldeci-
sion)basedon pairwise(dis)similaritiesbetweenlocal measurements?

coherentgroupsbasedon somelocally computedfeatures(color, texture, motion, ...). To
this end, the representationof imagesby graphicalstructureshasrecentlyattractedthe in-
terestof researchers[58, 36, 27, 11]. We will show below that whenusingour approach,
someof the assumptionsmadein the literatureconcerningadmissibleobjective criteria can
bedropped.Moreover, we studyin detail theunsupervisedbi-partitioningof imagesby con-
strainedmininimal cutsof theunderlyinggraphsandshow that, from theoptimizationpoint
of view, ourconvex approximationprovidesa tighterrelaxationof theunderlyingcombinato-
rial optimizationproblemthanrecentlysuggestedmethodswhicharebasedonspectralgraph
theory.

Figure2 shows a sectionof anoffice tablefrom thetop. Probablymosthumanobservers
focuson the (partially occluded)keyboardfirst. A typical problemof computervision is to
modelsuchglobaldecisionsby solving anoptimizationproblemdefinedin termsof locally
extractedprimitives[55, 34, 63]. In this context, theoptimizationcriterion is consideredas
a saliency measurewith respectto decisionvariablesindicatingwhich primitive belongsto
thefore-or background,respectively. Weshow below thatquadraticsaliency measureswhich
havebeenconsideredasdifficult [63] duetheircombinatorialcomplexity canconvenientlybe
dealtwith usingourapproach.

Figure3 showsanoisymapof Iceland.Therestorationof suchimageshasa longhistory,
in particularin thecontext of Markov randomfields[30, 29, 64,43]. Wewill show below that
suchbinary restorationproblemscanbe modeledunderlessrestrictive conditionsthanwith
previousapproaches.
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Figure3: A noisybinaryimage(mapof Iceland)to berestored.

1.3 RelatedWork

1.3.1 Optimization Approachesin Computer Vision

Many energy-minimizationproblemsin computervision like imagelabelingandpartitioning,
perceptualgrouping,graphmatchingetc., involve discretedecisionvariablesand therefore
areintrinsically combinatorialby nature.Accordingly, optimizationapproachesto efficiently
computegoodminimizershavea longhistoryin theliterature.

An importantclassof optimizationapproachesis basedonstochasticsamplingwhichwas
introducedby GemanandGeman[30] andhasbeenwidely appliedin theMarkov Random
Field (MRF) literature[43, 64]. As is well-known, correspondingalgorithmsarevery slow
dueto theannealingschedulesprescribedby theory. Nevertheless,therehasbeena renewed
interestduringthelastyearsin conjunctionwith Bayesianreasoning[40] andcomplex statis-
tical models(e.g.,[71, 68]). For furtheraspectswe referto [24].

To speedup computations,approachesfor computingsuboptimalMarkov randomfield
estimateslike the ICM-algorithm[6], thehighest-confidence-firstheuristic[12], multi-scale
approaches[33], and other approximations[67, 10] were developed. A further important
classof approachescomprisescontinuationmethodslikeLeclerc’spartitioningapproach[42],
thegraduated-non-convexity strategy by Blake andZisserman[7], andvariousdeterministic
(approximate)versionsof theannealingapproachin applicationslike surfacereconstruction
[28], perceptualgrouping[34], graphmatching[32], or clustering[54, 35].

Apart from simulatedannealing(with annealingschedulesthatareunpracticallyslow for
real-world applications),noneof theabove-mentionedapproachescanguaranteeto find the
globalminimum. And in general,this goal is elusivedueto thecombinatorialcomplexity of
theseminimizationproblems.Consequently, the importantquestionconcerningtheapprox-
imation of the problemarises:How goodis a computedminimizer relative to the unknown
globaloptimum?Cana certainquality of solutionsin termsof its suboptimalitybeguaran-
teedin each application?To thebestof our knowledge,noneof theapproachesabove (apart
from simulatedannealing)seemsto be immuneagainstgetting trappedin somepoor local
minimumandhencedoesnotmeetthesecriteria.
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A furtherproblemrelatesto thealgorithmicpropertiesof theseapproaches.Apart from
simplegreedystrategies[6, 12], mostapproachesinvolve some(sometimeshidden)param-
eterson which thecomputedlocal minimum critically depends.A typical exampleis given
by the artificial temperatureparameterin deterministicannealingapproachesandthe corre-
spondingiterative annealingschedule. It is well known [56] that suchapproachesexhibit
complex bifurcationphenomena,the transitionsof which (that is, which branchto follow)
cannotbecontrolledby theuser. Furthermore,theseapproachesinvolvehighly nonlinearnu-
mericalfixed-pointiterationswhich tendto oscillatein aparallel(synchronous)updatemode
(see[34, p. 906]and[50]).

Ourapproachbelongsto themathematicallywell-understoodclassof convex optimization
problemsand contributesto both of the problemsdiscussedabove. Firstly, thereexists a
globaloptimumundermild assumptionswhich, in turn, leadsto a suboptimalsolutionof the
original problem,alongwith clearnumericalalgorithmsto computeit. Abstractingfrom the
computationalprocess,we cansimply think of a mappingtaking the datato this solution.
Thus,evidently, no hiddenparameteris involved. Secondly, undercertainconditionsbounds
canbederivedwith respectto thequalityof thesuboptimalsolution.At present,thesebounds
arenottightwith respectto themuchbetterperformancemeasuredin practice.Yetit shouldbe
notedthat for alternative optimizationapproaches,performanceboundsanda corresponding
routeof researchseemto bemissing3.

1.3.2 Graph Partitioning, Clustering, PerceptualGrouping

As illustratedin Section1.2, thereis a wide rangeof problemsto which our optimization
approachcan be applied. While an in-depthdiscussionof all possibleapplicationsis not
possible,we next briefly discusswork which relatesto the applicationswe useto illustrate
our optimizationapproach.

Graph partitioning . Approachesto unsupervisedimagesegmentationby graphpar-
titioning have beenproposedby [46, 58, 27], and referencestherein. Imagesare repre-
sentedby graphs.0/21�35476 with locally extractedimagefeaturesasvertices 1 andpairwise
(dis)similarityvaluesasedgeweights8:9�4<;=1?>@1BADCFEG (Figure4). A classicalapproach
for theefficient computationof suboptimalcutsis basedon thespectraldecompositionof the
Laplacianmatrix [22]. This approachhasfound applicationsin many differentfields [46].
Accordingly, Shi and Malik [58] proposethe “normalizedcut” criterion which minimizes
the weight of a cut subjectto normalizingtermsto prevent unbalancedcuts. The resulting
combinatorialproblemis relaxedusingmethodsfrom spectralgraphtheory. For a survey of
further work in this directionwe refer to [62]. Basedon [38], Gdalyahuet al. [27] suggest
to computepartitionsas “typical average”cuts of the underlyinggraphusing a stochastic
samplingmethod.Althoughthis approachis very interesting,it doesnot directly relateto an
optimizationcriterionandthereforewill not befurtherdiscussed.

3A recentnotableexceptionwith respectto a morerestrictedclassof optimizationproblemsis [11].
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Figure4: Representingimagepartitionsby graphcuts:Theweightsof all edgescutprovidea
measurefor thedissimilarityof theresultinggroups.

It hasbeencriticized in [27] thatmethodsbasedon spectralgraphtheoryarenot ableto
partition highly skewed datadistributionsandnon-compactclusters. We will show below,
however, that a straightforward remedyis to basethe similarity measureon a suitablepath
metric.Furthermore,our approachyieldsa tighterrelaxationof theunderlyingcombinatorial
problemandhencebettersuboptimalsolutions.

Recentapproachesto supervisedgraphpartitioning(imagelabeling)include[36, 11] and
referencestherein.Theseauthorsconsiderthecaseof non-binarylabelsH�I andthefollowing
classof optimizationcriteria: J ILK&MON IP/QH�IR6 + JS ILT UWVXKZY [ ILT U�/QH�I\3]H U^6 (1)

While Boykov et al. [11] require
[ ILT U�/`_L3&_a6 to be a semi-metric,Ishikawa [36] makes the

strongerassumption
[ ILT U�/QH�IP3WH U^6�b [ /XH�I - H U&6 with

[
beingconvex. In thispaper, weconsider

thecaseof binary labelsanddo not make any assumptionswith respectto pairwiseinterac-
tion terms

[ IcT U . Unlike a semi-metric,for example,
[ ILT U maynot vanishfor H�IdbeH U or canbe

negative.

Clustering. Theapproachesto unsupervisedimagepartitioningdiscussedabovemayalso
be understoodasclusteringmethods,of course. In this paper, we focusin detail on image
bi-partitioningby computingconstrainedminimal cutsof theunderlyinggraph.Consecutive
partitionsthusleadto ahierarchicalclusteringmethod(cf., e.g.,[39]).

An importantissuein thiscontext is clusternormalizationin orderto avoid toounbalanced
partitions. In general,normalizationcriteria leadto rationalnon-quadratictermsof thecost
functional [20, 35] to which our optimizationapproachcannotbe directly applied. Below,
however, we investigateclusternormalizationby imposingvariouslinear constraints,asin-
troducedby Shi andMalik [58] asa relaxationof their specificnon-quadraticnormalization
criterion. Recently, the (natural)useof path-metricsfor (dis)similarity-basedclusteringwas
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alsoadvocatedin [23].

Perceptual grouping. Thereis a vastliteratureon perceptualgroupingin vision. For a
survey, we refer to [55] and,e.g., [37, 2] andreferencestherein. In this paper, we merely
focusfrom an optimizationpoint-of-view on the quadraticsaliency measureof Heraultand
Horaud[34] theapplicationof whichhasbeenconsideredasdifficult dueto its combinatorial
complexity [63]. We show below that this groupingcriterioncanconvenientlybeoptimized
usingour approach.

1.3.3 Mathematical Programming

Semidefiniteprogrammingis a relatively novel optimizationtechniquewhich hasbeensuc-
cessfullyappliedto optimizationproblemsin suchdiversefieldsasnonconvex andcombina-
torial optimization,statistics,or controltheory. For asurvey, we referto [65].

The methodusedin this paperfor relaxing combinatorialconstraintsgoesback to the
seminalwork of LovászandSchrijver [44]. Concerninginterior-point methodsfor convex
programming,we referto numeroustextbooks[48, 66,69] andsurveys [59, 65].

To performstep2 of our approachwe adopttherandomizedhyperplanetechniquedevel-
opedby GoemansandWilliamson[31]. For a classicaloptimizationproblemfrom combina-
torial graphtheory(max-cutproblem)theseauthorswereableto show thatsuboptimalsolu-
tions(for thespecificproblemconsidered)cannotbeworsethan14%relative to theunknown
globaloptimum.Besidestheconvenientalgorithmdesignbasedon convex optimization,this
facthasmotivatedourwork.

1.4 Organizationof the Paper

In Section2, we formally definethreeoptimizationproblemsrelatedto unsupervisedparti-
tioning (Section2.1),perceptualgroupingor figure-grounddiscrimination(Section2.2),and
binary imagerestoration(Section2.3). The mathematicalrelaxationof combinatorialprob-
lemsof this classis the subjectof Section3. We explain the derivation of a corresponding
semidefiniteprogram(Section3.1), its feasibility (Section3.2), relatedalgorithms(Section
3.3), performancebounds(Section3.4), andthesuperiorityof convex relaxationto spectral
relaxation(Section3.5).Wediscussnumericalresultsfor realscenesandground-truthexper-
imentsin Section4. Weconcludeandindicatefurtherwork in Section5.

1.5 Notation

The following notationwill be usedthroughoutthe paper. For basicconceptsfrom graph
theory, we referto, e.g.,[19].
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f vectorof all ones: f bB/hg�3Zi&i&iZ3Zgj6WkN /QH#6 diagonalmatrixwith vector H on its diagonal: N IlImbnH�IN /Qop6 matrix o with off-diagonalelementssetto zeroq
unit matrix

q b N / f 6rts
spaceof symmetricup>vu matricesowkxbyortsE setof matriceso{z r|s

whicharepositivesemidefiniteo~}(� standardmatrix scalarproducto�}(��b Tr ��owk����.0/21�3�4@6 undirectedgraphwith vertices1�b � g�3&i&iZi^35u � andedges4<;y1�>w18 weightfunctionof thegraph . : 8:9�4�ADC|EG8�/\��6 sumof edge-weightsof thesubgraphinducedby thevertex subset��;y1� complement1���� of thevertex subset���e18�/2����6 weightof acut definedby thepartition ��3 ��
weightedadjacency matrixof graph. :

� I�U�b=8�/Q�]3P� 6�3��]3P�0z�1�
Laplacianmatrixof graph . :

� b N / � f 6 - ���� / � 6 eigenvalues
��� / � 6��:_�_�_�� � s / � 6 of theLaplacianmatrix

�
of graph.� H � Euclidiannormof thevector H :

� H � byH	k	H
2 Problem Statement:Binary Combinatorial Optimization

In this section,we formally defineoptimizationcriteriaaccordingto theproblemsintroduced
in Section1.2.Thesecriteriawill turnout to bespecialinstancesof quadraticfunctionalsover
binary decisionvariablessubjectto linear constraints.Relaxationsof thesedifficult combi-
natorialproblemsfor computingsuboptimalsolutionsin polynomialtime will be studiedin
Section3.

2.1 UnsupervisedPartitioning

Considera graph .�/\1�3�476 with locally extractedimagefeaturesasvertices 1 andpairwise
(dis)similarityvaluesasedge-weights8:9�4 ;y1?>@1�ADC EG . Wewishto computeapartition
of theset 1 into two coherentgroups1<b:�¢¡ � asdepictedin Figure4. Representingsuch
partitionsby anindicatorvector H£z � - g�3 + g � s , theweightof a cut is givenby (cf. Section
1.5): 87/2����6¤b JILK&¥jT U�K ¥ 8�/Q�]3P� 6�b g¦ JILT U�K�M 8�/Q�]3P� 6^/QH�I - H U^6h§Fb g¨ H k � H�i (2)

If theweightfunction 8 encodesasimilarity measurebetweenpairsof features,thencoherent
groupscorrespondto low valuesof 87/2���|6 .

In orderto avoid unbalancedpartitionswhicharelikely whenminimizing 8�/R����6 , Shi and
Malik [58] suggestedthefollowing normalizedobjective function:8�/R����687/\��6 + 87/2����6 + 8�/R����687/ ��6 + 87/2����6 i
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Sincethis optimizationproblemis intractable,they derivedthefollowing relaxation(normal-
izedcut): ©cª�«¬ H	k � HH k N / � f 6`H 3 f k N / � f 6PHb=®¯3 H¢z � -�° 3&g ��s 3 (3)

wherethe number ° is not known beforehand.Hence,this integer constraintis droppedin
practice.Writing N asashorthandfor N / � f 6 and ±¯b N �2² § H , problem(3) becomes:©Lª�«³X´^³Rµ � ± k·¶� ±03 f k N �2² §�±�b=®¯3 ¶� b N¹¸ �2² § � Nx¸ �2² §ºi
Since f is the eigenvector of the Laplacianmatrix

�
with eigenvalue ® , so is N �2² § f with

respectto thenormalizedLaplacianmatrix ¶� . Consequently, Hb N ¸ �2² § ± solves(3) (without
the integerconstraint),where ± is theeigenvectorof ¶� correspondingto thesecondsmallest
eigenvalue.Finally, theintegerconstraintis takeninto accountby thresholdingtheeigenvector
usingsomesuitablecriterion[58].

The approach(3) is closeto the following classicalpartitioningapproachfrom spectral
graphtheory(see,e.g.,[46] for asurvey):©cª�«¬ H k � Hv3 f k H¹by®O3 H¢z � - g�3 + g � s i (4)

Criterion (4) hasa clear interpretation:Determinea cut with minimal weight (cf. (2)) sub-
ject to the constraintthateachgrouphasan equalnumberof vertices: f k H»b~® . Similarly,
droppingthenormalizationin (3) andsettingH�z � - g�3 + g � s , theinterpretationof (3) is: De-
terminea cut with minimal weightsuchthateachpartitionhasanequalnumberof degrees4.
In thecontext of imagepartitioning,this maybemoreappropriatethantheconstraintin (4)
andthusexplainsthesuccessof ShiandMalik’ sapproach.

Theforegoingdiscussionraisessomenaturalquestions:Which otherconstraintsareuse-
ful for unsupervisedimagepartitioning?How to take into accounttheintegerconstraintwith
respectto H�I\3·�(b~g�3&i&iZiZ35u , for deriving anappropriaterelaxationof thecombinatorialopti-
mizationproblem(asopposedto doing thatafterwardsjust by thresholding)?To investigate
differentconstraints,wedefinethefollowing criterionfor unsupervisedimagepartitioning©Lª�«¬ H k � H¢3 ¼ k H¹by®O3 H¢z � - g�3 + g ��s 3 (5)

andfocusin Section3 on anappropriaterelaxationof the integerconstraint.Thevector ¼ in
(5) is anapplication-dependentconstraintvectordefiningwhatwemeanby a “balancedcut”.
Exampleswill begivenin Section4.2.

If thevector ¼ is choseninappropriately, theproblem(5) mayhaveno feasiblesolution(a
simpleexampleis the case¼0b f with u beingan odd number). In this case,an additional
variableH G zvC canbeincorporatedto closethegapin thebalancingconstraint:¼½k#H + H G be® .

4Thedegree ¾L¿¢À5ÁRÂ of vertex Ã is thesumof incidentedge-weights.
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To minimize H G , it is alsoincludedinto theobjective function,hencearriving at thefollowing
problemformulation:©Lª�«S ¬ T ¬�Ä V Å HH G�Æ k Å � ®® Ç Æ Å HH G�Æ 3 Å ¼ g Æ k Å HH G�Æ by®O3 H¢z � - g�3 + g � s 3 (6)

whereÇ is asufficiently largenumber. As aninfeasibleinstanceof problem(5) doesnotneces-
sarily leadto aninfeasiblerelaxation,this extensionis notalwaysnecessaryfor ourapproach
to work properly. Exactconditionswhich the vector ¼ hasto satisfyso that the relaxation
consideredin this paperis feasiblewill begiven in Section3.2. Sincein practice,however,
theseconditionsaresatisfiedfor all the applicationsstudiedin Section4, the extension(6)
will notbefurtherconsideredhere.

Remark 1
We notethatproblem(5) doesnot conformwith optimizationproblemsof the form (1) and
correspondingassumptions.

2.2 PerceptualGrouping and Figure-Ground Discrimination

Hérault and Horaud[34] investigatedthe following combinatorialminization problemfor
figure-grounddiscriminationandperceptualgroupingin termsof binary labels ÈÉz � ®�3Zg � s
for u primitives: 4�ÊRËWÌÍIÏÎ s&Ð ´ /ÑÈ	6 + � 4 ÐQÒ\s ÊQÓÏÔPËhI s Óh/ÏÈ	6�3 � zvCtE»3 (7)

where 4�ÊRËWÌÍIÏÎ sZÐ ´ /ÏÈ	6�b - J ILT U 87/R�W3P� 6QÈ�IÕÈ�Uº3 4 ÐQÒ\s ÊQÓÏÔPË`I s ÓW/ÏÈ	6�b×Ö J I È�ILØ § i (8)

The interactioncoefficients 8�/Q�]3P� 6 encodesimilarity measuresbetweenpairs of primitives
like cocircularity, smoothness,proximity, or contrast(see[34]). Accordingly, the first term
in (7) measuresthe mutual reinforcementbetweenpairs of primitives �W3P� labelledas fore-
ground: È�IÙb�È�U(bÚg . Thesecondtermin (7) penalizesprimitiveswhich do not receivemuch
“feedback”from otherprimitivesandprobablydo notbelongto somecoherentgroup.

HéraultandHoraudinvestigatedvariousannealingapproachesin orderto find goodmin-
imizersof (7). Thedisadvantagesof this classof optimizationapproacheswerediscussedin
Section1.3.1. Accordingly, in a recentcomparison[63], the combinatorialcomplexity in-
volved hasbeenconsideredasa decisive disadvantageof usingthis approachasa saliency
measurefor perceptualgrouping.

We wish to show below that a goodminimizer canconvenientlybe computedwith our
approach.To this end,we transformthe ®�Û�g -variablesÈ to Ü¯g -variablesHÝb{Þ½È - f and
obtainthefollowing problemformulation(up to constantterms):©Lª�«¬ g¨ H k / � f�f k - � 6`H + gÞ f k / � u q - � 6PH¢3 H¢z � - g�3 + g � s 3 (9)
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with entriesof thematrix
� I�U(be8�/R�W3P� 6 . Theformulation(9) makesmoreexplicit therole of

theglobalparameter
�

which actsin a twofold way asa thresholdparameter:Primitives �W3P�
reinforceeachotherif theirsimilarity value

� I�U is largerthan
�

(first term),andeachprimitive� is (additionally) favored if its average degree(similarity value) / � f 6`IXÛ�u is larger than
�

(secondterm). Both termstogetherresult in a meaningfulglobal measureof “coherency”
basedonpairwisecomparisonsof locally computedprimitives.

Remark 2
We noteagainthatproblem(9) doesnot conformwith optimizationproblemsof theform (1)
andcorrespondingassumptions.

2.3 Restoration

Considersomescalar-valuedfeature(gray-value,color feature,texturemeasure,etc.) ßàz¢C s
which hasbeenlocally computedwithin the imageplane.Supposethat for eachpixel � , the
feature-valueß�I is knownto originatefromeitherof twoprototypicalvaluesá � 35á § . In practice,
of course,ß is real-valueddueto measurementerrorsandnoise.

To restorea discrete-valuedimagefunctiongivenby thevector H£z � - g�3 + g � s from the
measurementsß , wewish to minimizethefollowing functional:â /QH#6|b g¨ J Iäã /Rá § - á � 6PH�I + á § + á � - Þjß�Iæå § + � Þ J ç ILT UWè /XH�I - H UZ6`§�i (10)

Here,thesecondtermsumsoverall pairwiseadjacentpixelson theregularimagegrid.
Functional(10)comprisestwo termsfamiliar from many regularizationapproaches[5]: A

data-fittingtermandasmoothnesstermmodelingspatialcontext. However, dueto theinteger
constraintH�Idz � - g�3&g � , theoptimizationproblemconsideredhereis muchmoredifficult than
standardregularizationproblems.

Up to constantterms,functional(10) leadsto thefollowing optimizationproblem:©cª�«¬ g¨ H kmé H + gÞ ° k Hv3 H¢z � - g�3 + g � s 3 (11)

with ° ImbÚ/Rá § - á � 6Z/Qá § + á � - Þ�ß�IQ6F3 é IÍU�bäê - Þ � 9ë�]3P� adjacent® 9 otherwise
i

Notice that in this case,in contrastto the problemsintroducedin the previous sections,the
problemmatrix é is verysparse,which is anadvantagefrom thecomputationalpointof view.

Remark 3
We arewell awarethatproblem(11) doesconformwith optimizationproblemsof the form
(1) andthuscanbe solved to optimality usingthemethodspresentedin [36, 11]. However,
dependingon the applicationconsidered,it might be useful to modify the termsin (10) to
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modelpropertiesof theimagingdevice(data-fittingterm)or to takeinto considerationa priori
known spatialregularities(smoothnessterm; see,e.g., [9, 64]). Thesemodificationswould
leadto otherentriesfor é and ° , which couldviolate theassumptionsfor (1) but would not
affect theapplicabilityof our approach.Exploringthesepossibilities,however, is beyondthe
scopeof this paper.

3 Optimization by Mathematical Relaxation

In this sectionwe introducethe optimizationapproachto solve the differentproblemspre-
sentedin the previous section.To this end,noticethat the perceptualgroupingproblem(9)
aswell astherestorationproblem(11) bothcanbewritten in theform (5) introducedfor the
unsupervisedpartitioningproblem.To seethat,onehasto homogenizetheobjectivefunctions
of (9) and(11),which arebothspecialcasesof a generalquadraticfunctional H k é H + Þ ° k H ,
in thefollowing way:H k é H + Þ ° k H¹b Å H g Æ k � Å H g Æ 3 � b Å é °° k ® Æ i
Hence,bothproblemsarespecialinstancesof problem(5) with ¼ìb�® andsize u + g , if

�
is

generalizedto bea symmetricmatrix which is subjectto no furtherconstraints.Indeed,we
do not need

�
to be theLaplacianmatrix of a graphfor thefollowing relaxation.Therefore,

in this sectionwe will only assumethat
� z r|s

, andwe will alwaysrefer to problem(5).
Theresultsthenapplyto all threeproblemsfrom Section2, exceptit is statedotherwiseby a
specialchoiceof theconstraintvector ¼ .

The relaxationapproachnow consistsof two steps: Firstly, the problemvariablesare
lifted into a matrix space,andthe combinatorialconstraintsareweaklyincorporatedin that
space(Section3.1), thusyielding a semidefiniterelaxationof (5). This lifting stephasbeen
introducedin a moregeneralsettingby LovászandSchrijver [44]. For the resultingconvex
optimizationproblema solution is computedusing interior point techniques.Secondly, a
combinatorialsolution must be found basedon the relaxed solution computedin the first
step.To thisend,weapplytherandomizedhyperplanetechniquedevelopedby Goemansand
Williamson[31] (Section3.3).Wealsoprovideboundsonthequalityof thesolutions(Section
3.4)andcomparethesewith aspectralrelaxationapproach(Section3.5).

3.1 SemidefiniteRelaxation

In orderto relaxtheproblem(5),wefirst replacethelinearandintegerconstraint,respectively,
by quadraticones: /2¼ k H#6 § bë® and H §I - gwb{®�3à�¯bíg�3&i&iZiZ35u . Denotingthe Lagrangian
multiplier variableswith ±�I*3��îbe®�3&iZi&i^3]u , theLagrangianof (5) reads:H k � H - ± G /2¼ k H#6h§ - sJ I µ � ±�I*/QH�§I - gj6�byH k ã � - ± G ¼½¼ k - N /Q±�6 å H + f k ±ài (12)
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Thecorrespondingminimax-problemis:ï]ð�ñ´ Ä T ´ ©Lª�«¬ H k ã � - ± G ¼½¼ k - N /Q±�6 å H + f k ±0i
SinceH is unconstrainednow, theinnerminimizationis finite-valuedonly if

� - ± G ¼^¼ k - N /Q±�6
is positivesemidefinite.Hencewearriveat therelaxedproblem:â&ò 9lb ï]ð�ñ´ Ä T ´ f k ±03 � - ± G ¼½¼ k - N /Q±�6tz r sE i (13)

Theimportantpointhereis thatproblem(13) is aconvex optimizationproblem!Theset
r sE is

acone(i.e.aspecialconvex set)whichalsois self-dual,sothatit coincideswith its dualcone
[48] givenby: / r sE 6Wótb � � 9�o�}(��ô�®�3�oõz r sE � i

To obtaina connectionto our original problem,we derive the Lagrangiandual of (13).
ChoosingaLagrangianmultiplier o{z r sE , similar reasoningasaboveyields:â&ò b ï]ð�ñ´ Ä T ´ ©cª�«ö K^÷�øù f k ± + o�} ã � - ± G ¼½¼ k - N /Q±�6 å� ©Lª�«ö KZ÷ øù ïWð�ñ´ Ä T ´ f k ± + o�} ã � - ± G ¼^¼ k - N /R±�6 åb ©cª�«ö K^÷�øù ï]ð�ñ´ Ä T ´ � }�o - N /R±�6m}�/Qo - q 6 - ± G ¼^¼ k }�oõi
Heretheinnermaximizationof thelastequationis finite only if N /Xop6�b q

and ¼½¼½k¯}�oúbe® .
Hence,weobtainthefollowing problemdualto (13):â5û 9lb ©cª�«ö K^÷�øù � }�o{3 ¼½¼ k }�oúbe®�3 N /Xop6�b q 3 (14)

which againis convex.
In orderto comparethe objective function of this final semidefiniterelaxation(14) with

thatof theoriginal problem(5), we rewrite thelatterasfollows:©Lª�«¬ H k � Hxb ©Lª�«¬ � }�H�H k i
Note that the matrix H�H	k is positive semidefiniteandhasrank one. A comparisonwith the
relaxed problem(14) shows that H�H	k is replacedby an arbitrarymatrix o z r|sE (i.e. the
rankoneconditionis dropped),andtheconstraintsarelifted to thehigherdimensionalspace
accordingly.

In orderto illustratehow theconvex relaxation(14)approximatesthecombinatorial,non-
convex problem(5), let us considerthe caseuebýü . In this casethe matrix o in (14) has
six unknownsdueto symmetry(theupper(or lower) triangularpart). Theintersectionof the
convex set

r|sE with thethreehyperplanesdefinedby N /Qop6(b q
yields theconvex set

� o z
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Figure5: The setof feasiblesolutions
� o z r sE|þ N /Xop60b q �

for the convex problemre-
laxation (14), for u<bDü and ¼ÿbD® . The subsetof feasiblecombinatorialsolutionsonly
containsthefour extremepoints.For ¼��b=® , thissetadditionallyhasto beintersectedwith the
hyperplane¼½¼½k�}�o b=® .rtsE þ N /Xop6¤b q �

, whichis shown in Figure5. It lookslikeapolytopewith four vertices(which
correspondto thecombinatorialsolutionsof theunrelaxedproblem)but with non-linearfaces.
Thesetof feasiblesolutionsfor (14) is now obtainedby additionallyintersectingthissetwith
the hyperplane¼^¼½kv}ìo b ® . This shows that the original combinatorialproblem(5) only
hasa feasiblesolutionif at leastoneof theextremepointsof

� o z r|sE|þ N /Xop6�b q �
lies on

this hyperplane.Nevertheless,the relaxedsolutioncanalwaysbedeterminedby minimizing
numericallythe linear functional

� } o over thefeasibleset,providedthat this is not empty
(seeSection3.2). The nearestextremepoint may thenbe consideredas the combinatorial
solutionof (5), or atleastasthecombinatorialsolutionwhichbestapproximatestheconstraint¼^k	H¹be® .

Thissimpleexampleillustratesafundamentalfact: Intricateconstraintscanberepresented
by simpler setsin higher-dimensionalspaces.This fact is well-known in other fields like
patternrecognitionandstatisticallearning[14, 60,18].

3.2 Duality and Feasibility

The primal anddual optimizationproblems(14) and(13) both belongto the classof posi-
tive semidefiniteprograms.Theelegantduality theorycorrespondingto this classof convex
optimizationproblemscanbefound in [48]. Thefollowing duality theoremis alsoprovided
there:

Theorem 1 (Strong duality for positivesemidefiniteprogramming) If (14) and (13) both
arefeasibleandthereis astrictly interior pointfor either(14)or (13),thenoptimalprimaland
dual solutionso ó 3j/Q± óG 35± ó 6 exist andthecorrespondingoptimalvaluesare thesame, i.e. they
yield noduality gap: â5û - â&ò b � }�o�ó - f Ó ±�ó|be®�i
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Theconvex optimizationproblemsconsideredin thispaperareknowntobe“well-behaved”
accordingto this theorem.A strictly interior point for the dualproblem(13) canalwaysbe
foundby setting± G be®�35±7b - Ç f with Ç largeenough.For theprimalproblem(14),afeasible
solutionis givenby o b q

for ¼@b ® andby o b ss ¸ � q - �s ¸ � f�f k for ¼@b f . Otherwise,it
maybepossiblethatnofeasiblesolutionfor theprimalproblemexistsif thevector ¼ is chosen
inappropriately. Thissituationis illustratedby thefollowing example:For thecaseu bÝÞ , the
constraintsin (14) yield oDb ã � ËË � å with Çb - Ð�� � E Ð���§ Ð � Ð � . Additionally, - g���Ç¢��g hasto hold
for o to bepositivesemidefinite.Obviously, this is only valid for ¼ � b�¼ § . Thusfor all other
choicesof ¼ theprimalproblem(14)hasno feasiblesolutionin thiscase.

In general,it is possibleto characterizeexactly the situationswhenthe primal problem
(14) is feasible.Thefollowing resultis mainly basedonapropositiongivenin [41]:

Theorem 2 The problem(14) is feasiblefor a positiveconstraint vector ¼ ( ¼�I¹ô ®�3w� bg�3&i&iZiZ35u ) if andonly if ¼ is balanced,i. e.¼�Id� J U��µ I ¼WU for all �îb�g�3&iZi&iZ35u�i
Proof. As ¼ ô:® , thematrix ¼½¼ k is positivesemidefinite.Thebalancingconstraintyields®@by¼^¼½k¤}�oýb Tr �Í¼^¼½k�o¢�	b�� I � IP/2¼½¼^k#ow6 . As o is alsopositivesemidefinite,sois ¼½¼^k#o , and

it followsimmediatelythat ¼^¼ k o hasto bethenull-matrix. As this is equivalentto ow¼(by® , ¼
mustbecontainedin thenull space	�
�j/Qop6 . Proposition3.2 in [41] now concludestheproof:
Thelinearspacegeneratedby ¼ is containedin 	�
���/Qop6 for a matrix oDz r sE with N /Qop6�b q
if andonly if ¼ is balanced.Theproof for this propositioncanbefoundin [16]. �

Dueto this result,wewill only considerexamplesin Section4.2where¼ is balanced.

3.3 Interior Point Algorithm and RandomizedHyperplanes

To computethe optimal solutions o ó and /R± óG 35± ó 6 , a wide rangeof iterative interior-point
algorithmscanbeused.Typically, a sequenceof minimizers

� o���3j/Q± G 6���3]±�� � , parameterized
by aparameter� , is computeduntil thedualitygapfallsbelow somethreshold, . A remarkable
resultin [48] assertsthat for the family of self-concordantbarrierfunctions,this canalways
bedonein polynomialtime,with thecomplexity dependingon thenumberof variablesu and
thevalueof , .

Noticethatdueto theconstraint¼½¼½k�}Ùoúbe® , thesmallesteigenvalueof o hasto beequal
to ® (cf. proof of Theorem2), so that no strictly interior point for the primal problem(14)
exists. Becauseof this observationwe decidedto usethedual-scalingalgorithmfrom [4] for
ourexperiments.Thisalgorithmhastheadvantagethatit doesnotneedto calculateaninterior
solutionfor theprimalproblemduringtheiterations,but only for thedualproblem.Moreover,
it is capableto exploit thesparsitystructureof agivenproblembetterthanothermethods.The
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primal solutionmatrix o ó is not computeduntil the optimaldual solution /Q± óG 35± ó 6 hasbeen
reached.

Basedon this solutionmatrix o ó to the convex optimizationproblem(14), we have to
find a combinatorialsolution H to the original problem(5). To achieve this, we usedthe
randomized-hyperplanetechniqueproposedby GoemansandWilliamson [31]. To this end,
the following interpretationof the relaxationdescribedin Section3.1 is more convenient:
Since o ó z rtsE , we cancomputeo ó bÚ1 km1�3�1 b /�� � 3&i&i&i½3�� s 6 usingtheCholesky decom-
position. FromtheconstraintN /Qow6ºb q

it follows that
� ��I � b g�3·� b g�3&i&iZi^35u . Hencethe

relaxationstepin Section3.1maybeinterpretedasassociatingwith eachprimitive H�I avector��I on theunit spherein a high-dimensionalspace.Accordingly, thematrix /QH�H k 6PIÍU�bÝH�ILH U is
replacedby thematrix o¯IÍU�b���kI �ZU .

Choosinga randomvector � from the unit sphere,a combinatorialsolutionvector H is
calculatedfrom o ó bý1@kÙ1 by setting H�IìbDg if � kI ��ôú® and H�I b - g otherwise. This
is donemultiple times for different randomvectors,letting the final solution H	¥���� be the
onethatyields theminimumvaluefor theobjective function H k � H . This techniquemaybe
interpretedasselectingdifferenthyperplanesthroughtheorigin, identifiedby their normal � ,
thatpartitionthevectors��I\3t�db�g�3&i&i&i^35u in two sets.

Remark 4
Of coursefor ¼��be® , thesolution H	¥���� obtainedby this techniquedoesnotneedto befeasible
for (5), asit is not requiredto satisfytheconstraint¼ k HwbÚ® . Thusit mayyield anobjective
value â ¥�����b H	k¥���� � H	¥���� that is even smallerthan the optimal valueof the semidefinite
relaxion â5û . Therefore,somemodificationsof the randomized-hyperplanetechniquehave
beenproposedin the literature[25, 70], which for thespecialcase¼ b f guaranteeto find a
feasiblesolutionto theoriginalproblem(5) andevengiveaperformanceratiofor theobjective
valueobtained.However, we stuckto the original randomized-hyperplanetechnique,asfor
theapplicationsconsideredin thispaper, it is notmandatoryto find afeasiblesolution:Weare
only interestedin solutionsthatshouldbequitebalanced,but they do not needto beexactly
balancedcutsof theassociatedgraph.Hence,theconstraint¼ k H bÝ® mayratherbeseenasa
strongbiasto guidethesearchto ameaningfulsolutionthanasastrict requirement,especially
in thecasewhenno feasiblecombinatorialsolutionexists!

3.4 PerformanceBounds

If ¼(b=® asin theexamplesof Sections2.2and2.3,thecombinatorialsolution H	¥���� obtained
with the randomized-hyperplanetechniqueis feasible. Basedon the resultsfrom [31], the
following suboptimalityboundon theobjectivevalue â ¥���� canbecalculatedin this case:

Theorem 3 Theexpectedvalue 40� â ¥������ of theobjectivefunction â b�H	k � H calculatedwith
therandomized-hyperplanetechniqueis boundedby40� â ¥������Ù��� â5û + /hg - �¤6 J þ � IÍU þ 3

17



where

�wb  ©cªG"!$#%!'& Þ( )g -+*, ï ).- ®�i ¦$/�¦ i
Proof. Usingthenotationof theprevioussection,wehaveâ ¥���� b J ILT U � IÍU�/QH	¥����Ù6PI`/XH	¥���� 6RUb J ILT U � IÍU ï"0 ª /�� kI ��6 ï10 ª /�� kU ��6Fi

UsingLemmas3.2,3.4and3.2.2from [31], it follows40� â ¥������	b J ILT U � I�U^40� ï10 ª /�� kI ��6 ï10 ª /�� kU ��6P�b J ILT U � I�U - Þ J ILT U � I�U�23��� ï"0 ª /4� kI ��65�b ï"0 ª /4� kU ��6P�b J ILT U � I�U ã g - Þ(76 � **�, ï /�� kI �^UZ6 å� J IcT U � IÍU - Þ J8�9 : ! G � IÍU ã g - � Þ /`g + � kI �^UZ6 å - Þ J8�9 :�; G � IÍU ã � Þ /`g - � kI �ZU^6 åb<� J ILT U � I�U=� kI �^U + /hg - �¤6 J ILT U þ � IÍU þb<� â5û + /hg - ��6 J ILT U þ � IÍU þ i �
A drawbackof this boundis that it containsthe problem-dependentconstant� IcT U þ � I�U þ .

Thiscannotbeommited,as
�

maycontainnegativeentries.
Anotherboundwhich allows for

�
having negative entrieswasgivenby Nesterov [47],

who extendedtheresultsof GoemansandWilliamson[31] to maximizationproblemsof the
form (5) with ¼0b ® . His resultscaneasilybe reformulatedfor the minimizationproblems
consideredin this paper, giving:4à� â ¥������ - â óâ ó>@?BA - â ó � ( Þ - g � ¨ / 3
with â ó denotingtheoptimalvalueof (5) and â ó>@?BA denotingthemaximumvalueof theobjec-
tive functionsubjectto the integerconstraint.However, this relative boundalsodependson
theprobleminstance,asit employs thedifferencebetweenthemaximumandminimumval-
uesof theobjective function,which usuallycannotbeestimatedin advance.Finally observe
that the following relationsbetweenthedifferentmentionedvaluesof theobjective function
alwayshold truefor ¼�b=® : â&ò b â5û � â ó�� â ¥����p� â ó>@?BA i
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It shouldbementionedthattheboundspresentedabovearenot tight with respectto themuch
betterperformancemeasuredin practice(cf. Section4.1). However, for mostalternative op-
timizationapproachesapplicableto thegeneralproblemclassconsideredhere,performance
boundsarelackingcompletely.

3.5 Relation to SpectralRelaxation

In this sectionwe will comparethe convex relaxationapproachwith spectralrelaxationap-
proaches.The resultswill show that convex relaxationalwayscomparesfavorably with the
computationof the so-called“Fiedler vector”, which is often usedfor the segmentationof
graphs[22, 46].

First of all, we reformulatethesemidefiniterelaxationfrom Section3.1 asaneigenvalue
optimizationproblem.Thisideadatesbackto DelormeandPoljak[17]. Startingfromthedual
problemformulation(13),we parameterize±ObC� f - � , where f kD�Ob�® . Thentheconstraint� - ± G ¼½¼ k - N /Q±�6�b � - ± G ¼½¼ k + N /���6 - � q z r sE is equivalentto

� >FEHG ã � - ± G ¼½¼ k + N /4��6 å ô�� ,
which resultsin thefollowing representationof (13):â&ò b ï]ð�ñ´ Ä T ´ f k ±¯b ïWð�ñ´ Ä T I u��pb ï]ð�ñ´ Ä T ÎBJLK µ G u � >FEHG ã � - ± G ¼½¼ k + N /���6hå i (15)

A spectralrelaxationapproachto (5) is basedon the ideato keeptheconstraint¼½k#HpbÚ®
out of the Lagrangianformulation of the problem,and insteadusing it in the minimizing
process.Hencewe look at theproblem:â ¥�M�9lbN ©Lª¬ KPO ø H k � H¢3 ¼ k Hxb=®�3�H�§I b�g�3��îbBg�3&iZi&iZ35u�i (16)

Substitutingasabove ±¯b�� f - � , with f k �¯by® , this resultsin theLagrangianH k ã � - N /Q±�6 å H + f k ±¯byH k ã � - � q + N /4��6 å H + � f k f - f k �byH k ã � + N /4��6 å H¢3
as H	k�H bÝu follows from H §I b<g�3t��bÚg�3&iZi&iZ35u . Thecorrespondingminimax-problemyields
thefollowing formulationof thespectralrelaxationbound:â ¥�M¹b ïWð�ñÎQJ$K µ G ©Lª�«Ð J ¬ µ G H k ã � + N /���6 å Hb ïWð�ñÎQJ$K µ G u ©Lª�«³ ¬ ³Rµ � T Ð J ¬ µ G H k ã � + N /���6 å Hb ïWð�ñÎQJ$K µ G u � >FEHG ã 1 k ã � + N /���6 å 1 å 3 (17)

where 1 z�C s'R S s ¸ � V containsan orthonormalbasisof the complement¼S , i.e. 1 km¼vb{® ,1 k 1�b q
.

For thespecialcaseof ¼(b f , thisboundwasfirst providedby Boppana[8] andRendland
Wolkowicz [53], independently. PoljakandRendl[51] showedtheequivalenceof thespectral
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relaxation(17) andthesemidefiniterelaxation(15) for this caseby investigatingthebroader
classof generalgraphbisectionproblems. This result canbe extendedto the generalcase¼��b f consideredhere:

Theorem 4 Thesemidefiniterelaxation(13) yields the samelower boundon the objective
functionasthespectral relaxation(17):â&ò b â ¥�Mb ïWð�ñÎQJ$K µ G u � >FEHG ã 1 k ã � + N /���6Wåj1�å@i
Noticethatif (14) is not feasible,bothvalues(15)and(17)becomeunbounded!

Proof. For each± G zvC 3��¢zvC s , thefollowing holds:� >FEHG ã 1 k ã � + N /4��6 å 1 å b ©Lª�«³ ¬ ³Rµ � T Ð J ¬ µ G H k ã � + N /���6 å Hb ©Lª�«³ ¬ ³Rµ � T Ð J ¬ µ G H k ã � + N /���6 å H - ± G /2¼ k H#6h§ô ©cª�«³ ¬ ³Rµ � H k ã � + N /���6 å H - ± G /2¼ k H#6 § (18)b ©Lª�«³ ¬ ³Rµ � H k ã � - ± G ¼½¼ k + N /���6 å Hb � >FEHG ã � - ± G ¼½¼ k + N /���6Wå�i
Building the supremumsimmediatelyyields â ¥�MÝô â&ò . Now observe that if ± G approaches
negative infinity in (18), theinfimum will only befinite if ¼½k#H becomes® :T ©  ´ ÄVU ¸ W ©Lª�«³ ¬ ³Rµ � H k ã � + N /4��6 å H - ± G /R¼ k H#6`§�b ©cª�«³ ¬ ³Rµ � T Ð J ¬ µ G H k ã � + N /���6 å H Xï]ð�ñ´ Ä ©Lª�«³ ¬ ³Rµ � H k ã � + N /4��6 å H - ± G /R¼ k H#6 § ô ©Lª�«³ ¬ ³Rµ � T Ð J ¬ µ G H k ã � + N /4��6 å H¢i
Thuswe alsohave equalityfor the lastequation,andincludingthesupremumover f kD�vb<®
gives â ¥�Mxb â&ò . �

We now wantto derive a comparisonof thesemidefiniterelaxationapproachto thecom-
putationof theso-called“Fiedler vector”. To this end,letstake a closerlook at thefollowing
weaker spectralrelaxationof (5):â ¥�M § 9abY ©Lª¬ KPO ø H k � H�3 H k Hbyu�3t¼ k H¹be®�3 (19)

i.e. theconstraintHvz � - g�3 + g � s is relaxedto
� H � § b=u insteadof relaxingit to H §I bBg�3���bg�3&i&iZiZ35u .

Thefollowing Lemmaholds:
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Lemma 1 Let 1 zvC s'R S s ¸ � V denotethematrixdefinedin (17). Thenâ ¥�M § b�u � >FEHG /21 k � 176�3 (20)

andthesolutionof (19) is givenby H ó b[Z u 1 8 G 3
where 8 G is theeigenvectorcorrespondingto thesmallesteigenvalueof 1 k � 1 with thenorm� 8 G � b�g .

Proof. Let
[ b]\ �³ Ð ³ ¼j3�1_^ and á�b [ k�Hwbä/2®�358·6Wkd358�bÚ1 k#H . Then

[
is orthonormal,

and H	k � Hb=á	k [ k ��[ áàb=8·k�1@k � 1�8 attainsits minimumfor 8yb<` 8 G beingproportional
to thesmallesteigenvector 8 G 3 � 8 G � bÚg of 1 k � 1 . Hence,H ó b [ ábC`î1 8 G , wherè fol-
lows from thecalculation: u£b /XH ó 6 k H ó ba` § 8 kG 1 k 1 8 G bY` § . Thevaluefor â ¥�M § follows
immediatelyby insertingH ó into theobjective function. �

For thespecialcaseof ¼¯b f , this spectralrelaxationcorrespondsto thecomputationof
the “Fiedler vector”, i.e. the eigenvector H ó to the secondsmallesteigenvalue

� § / � 6 of the
matrix

�
. This followsdirectly from (20)by observingthat� § / � 6�b � § / [ k �|[ 6�b � § Ö �b s f k � �b s f �b s f k � 11 k � �b s f 1 k � 1 ØÚb � § Å ® ®® 1@k � 1 Æ b � >FEHG /\1 k � 1 6

for ¼(b f and
[

definedasin theproofof Lemma1. Thefollowing factshowsthesuperiority
of theconvex relaxationapproach;it follows immediatelyby comparingtheresultof Lemma
1 with (17):

Corollary 1 For ¼�b f , thefollowing inequalityon thelowerboundsfor (5) is valid:â ¥�M § � â ¥�Mxb â&ò i (21)

Apart from this fact of being lesstight concerningthe valueof the objective function,
the spectralrelaxationwith the Fiedler vector H ó hasanotherdisadvantage:To obtain the
correspondingcombinatorialsolution H of (5), a thresholdvalue c is usedto set the entriesH�I0b g for H óIed c and H�I0b - g otherwise. This raisesthe questionfor an appropriate
choiceof this thresholdvalue. Two naturalapproachesseemto bepromising: To set c�b�®
(becauseof theoriginal +1/–1-constrainton H ) or to set c equalto themedianof H ó (to meet
thebalancingconstraintf k H¹be® ). However, wewill show below thatanunsupervisedchoice
of thethresholdvaluemayfail completely.
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Figure6: Signal Hji comprisingmultiplespatialscales.

4 Experimentsand Discussion

In this section,we investigatetheperformanceof theconvex relaxationapproachexperimen-
tally. In Section4.1,westartwith reportingthestatisticalresultsfor ground-truthexperiments
for restorationproblemsasdescribedin Section2.3,usingnoisyone-dimensionalsignals.The
applicationof theconvex relaxationapproachto differentrealscenesfrom all problemtypes
mentionedin Section2 will be presentedin Section4.2. Furthermore,a brief discussionof
differentaspectsof thesemidefiniterelaxationapproachwill begivenin Section4.3.

4.1 Ground-Truth Experiments

To beableto analysetheperformanceof theconvex relaxationapproachdescribedin Section
3 statistically, groundtruthdata(theglobaloptimum)hasto beavailablefor theproblemunder
consideration.Therefore,we decidedto investigatetherestorationof noisyone-dimensional
signalsusingthe functional(10), asin this casetheglobaloptimumcanbeeasilycomputed
usingdynamicprogramming.

For our experiments,we took thesyntheticsignal H i depictedin Figure6 which involves
transitionsat multiple spatialscales,andsuperimposedGaussianwhite noisewith standard
deviation kyb g�il® . Figure7, top, shows an exampleof sucha noisy signal. Thenboth the
global optimum H ó of (10) andthe solution H of the convex relaxation(14) werecomputed
from this noisy input signalandcomparedto eachother. A representative exampleof the
restorationis givenin Figure7.

To derivesomesignificantstatistics,this experimentwasrepeated1000timesfor varying
valuesof

�
anddifferentnoisy signals. For each

�
-value,we thencalculatedthe following

quantities:l â : Thesamplemeanof thegap

l â b â - â ó (measuredin % of theoptimum)with respect
to theobjectivefunctionvaluesof thesuboptimalsolution â /QH#6 andtheoptimalsolutionâ ó b â /XH ó 6 .kjm�n : Thesamplestandarddeviation of thegap

l â .l â i : Thesamplemeanof thegap

l â i b â - â i (measuredin % of theoptimum)with respect
to theobjectivefunctionvaluesof thesuboptimalsolution â /QH#6 andthesyntheticsignalâ /XH i 6 .
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Figure7: A representative exampleillustrating the statisticsshown in Fig. 8. Top: Noisy
input signal.Middle: Optimalsolution H ó . Bottom: Suboptimalsolution H .

kjm�n�s : Thesamplestandarddeviation of thegap

l â i .
Moreover, we alsocalculatedthesamplemeanof thenumberof misclassifiedpixelsin com-
parisonwith theoptimalsolution.

The resultsareshown in Figure8. They reveal theaccuracy of thesuboptimalsolutions
obtainedwith the semidefiniterelaxation: The averagerelative error for both the objective
function valueand the numberof correctlyclassifiedpixels is below 2%, comparedto the
optimumvaluesof theobjective function. Thecorrespondingmeasuresfor kjm�n lie between
0.12%and1.33%.Thisshowsthatin practice,theperformanceof thesemidefiniterelaxation
approachis muchbetterthantheboundspresentedin Section3.4.

Concerningtherestorationof theoriginal signal H i , it shouldbementionedthatthesignalH i is notthebestsolutionof thefunctional(10),whichresultsin

l â�t l â i . Thisindicatesthat
moreappropriatecriteriashouldbeusedfor the restorationof signals,e.g.by incorporating
suitablepriorswith respectto H i (cf. [9]). Thederivationof suchcriteria is not theobjective
of this paper. However, theperformanceis still remarkablygood(cf. Figure8): For valuesof
thescaleparameter

� d g�ivu , theaveragerelativeerrorfor theobjective functionvalue

l â i is
below 3%, with thecorrespondingmeasuresfor kjm�n�s lying between1.95%and2.69%. The
high errorratesfor

� t g�iwu canbeexplainedwith thedominatinglargerspatialscalesin the
signal H i .
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Figure8: Averagerelative errors

l â and

l â i of the objective function for the suboptimal
solution H in comparisonto theoptimalsignal H ó andthesyntheticsignal H i , respectively, for
differentvaluesof thescaleparameter

�
. Also shown is theaveragepercentageof misclassi-

fiedpixelsfor thesuboptimalsolution H comparedto theoptimalsolution H ó .
4.2 RealScenes

In this sectionwe presenttheresultsof thesemidefiniterelaxationapproachby applyingit to
problemsfrom thedifferentfieldspresentedin Section2. For theunsupervisedpartitioning
examples,we alsocomparethe resultswith the segmentationobtainedby thresholdingthe
Fiedlervector.

4.2.1 Preliminary Remark (Similarity Measures)

Recallthat theobjective in unsupervisedpartitioningis to split a graphwith someextracted
imagefeaturesasverticesinto two coherentgroups. To this end, the edgeweights 8�/Q�]3P� 6
building thesimilaritymatrixarecomputedfromdistances}	/R�W3P� 6 betweentheextractedimage
features� and � as 8�/Q�]3P� 6�b f ¸3~H�V~ 9�� :B�w� �� 3 (22)

where }	/R�W3P� 6 and k arechosenapplicationdependent.We studiedtwo differentmethodsto
calculatethesimilarity measures:

(i) Compute8�/Q�]3P� 6 for all featurepairs /Q�]3P� 6 directly, thusnot includingany spatialinfor-
mation.
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Figure 9: (a) A skewed datadistribution with two spiral-shapedgroups. (b) The shortest
Euclideanpathwithin theDelaunay-graphbetweentwo pointsof thesamegroup.
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Figure10: (a) Level linesof a Parzenestimateof thedatadistribution. (b) Applicationof a
metricscalingtechnique[15] yieldsaEuclideanapproximationin 2D-spaceof theweighted-
pathdistances(many pointsprojectto almostequallocations):As comparedto Figure9(a),
thetwo spiral-shapedgroupsform morecompactclusters.

(ii) Compute87/R�]3*��6 only for neighboringfeatures,andderive the otheredgeweightsby
calculationof a pathconnectingthem. This is doneby computingthe shortestpaths
for thegraphderivedfrom . by changingthesimilarity weightsto dissimilaritiesand
transformingthembackafterwards. This resultsin a similarity measurewhich favors
spatiallycoherentstructures.

To motivatethelattermethod(ii), considerFigure9(a),which shows a setof pointswith
the shapeof two spirals. It wascritically observed in [27] that spectralmethodsfail to par-
tition such“skewed” coherentgroups. Indeed,Figure9(b) shows that in the corresponding
Delaunay-graph,theshortestEuclideanpathbetweentwo pointsof thesamegrouptraverses
theothergroup.As a consequence,a directpairwisecomparisonof Euclideandistancesand,
moregeneral,method(i) abovewhich ignoresspatialcontext, arenotappropriate.
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(a) (b)

Figure11: Weightedshortestpathsusingthedensityfrom Figure10(a). (a) As comparedto
theEuclideandistance,within-grouppathshavebecomeshorter. (b) Thepartitionproblemis
still not trivial sinceshortestpathsbetweenpointsof thesamegroupdonot alwayslie within
this group.

Method(ii) providesa simpleremedyin this situation(cf. also[23]). Apart from “loca-
tion”, additionalattributeslike color, texture, etc.aretypically usedto definepairwisedis-
tances/similaritiesasedge-weights.As a result,by usingweightedpathsasa distancemea-
sure,spatialcoherency is exploitedin theappropriateway andresultsin shorterpathswithin
a group.For theexampleshown in Figure9(a),we simulatedsuchanadditionalattributeby
a Parzenestimate[26] of the spatialdatadistribution (Figure(10(a)). Figure10(b) visual-
izestheresultingdistancesby approximatingthemwith Euclideandistanceswithin 2D-space
usinga classicalmetric scalingtechnique[15]. This resultshows that pointsof a coherent
grouphave becomemoresimilar to eachother. Accordingly, the partition taskhasbecome
morewell-definedbut nottrival,of course:Weightedpathswithin groupshavebeenshortened
(Figure11(a)),but theshortestpathsbetweentwo pointsof thesamegroupdostill notalways
lie within this group(Figure11(b)).

As we aremainly interestedherein the resultsof the semidefiniterelaxationapproach
from anoptimizationpoint of view, we did not work on moreelaboratecomputationsof the8�/Q�]3P� 6 -values.For asurvey of numerousother(dis)similaritymeasures,see[52].

4.2.2 UnsupervisedPartitioning

Point sets.Figure12 shows thepartitionscomputedwith convex (Figure12(a))andspectral
(Figure12(b)) relaxation,respectively, for theexamplegivenin theprevioussection(Figure
9(a)). As both spiralshave the samenumberof points,we used ¼0b f for this experiment,
with eachpointdefiningavertex in thecorrespondinggraph.Althoughthesimilarity weights8�/Q�]3P� 6 are calculatedusing the path-metricfrom method(ii), spectralrelaxationwith the
Fiedler vector still fails to computethe correctcut whereasconvex relaxationdoes. This
reflectsthetheoreticalresultsof Section3.5,showing thesuperiorityof theconvex relaxation
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Figure12: Pointsetclusteringfor Figure9(a). (a) Usingdistancesbasedon weightedpaths,
convex relaxationcomputedthe correctpartition. (b) Partition computedwith the Fiedler
vectorthresholdedat 0. Correctseparationis still not possibledueto thelesstight relaxation
of theunderlyingcombinatorialproblem.
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Figure13: Pointsetclustering.(a) Input datawith 160points,weightscalculatedwith k�b®�iÕ®�®�ÞLu in (22). (b) Solutioncomputedwith convex optimization,using ¼¯b f . (c) Solution
computedwith theFiedlervector, thresholdedat themedianvalue:Spectralrelaxationfails!

approachfrom an optimizationpoint of view. This disadvantageof spectralrelaxationis
particularlyrelevant in theunsupervisedcase,asit is not known beforehandwhich heuristic
for thresholdingtheeigenvectormight yield thedesiredresult. On theotherhand,notethat
convex relaxationworkswithoutany threshold.

Anothersituationis depictedin Figure13(a). This point setcomprisesa denseclusterin
themiddleandequallydistributedbackgroundclutter, bothcontaining80 points. Thesimi-
larity weigths87/R�]3*��6 arenow computeddirectly from theEuclidiandistances}	/R�]3*��6 between
all points(method(i)). Theresultsfor this example(Figure13) againshow thesuperiorityof
theconvex optimizationapproach:While it successfullyseparatesthedenseclusterfrom the
background,thespectralrelaxationonly achievesan unsatisfactorypartition. This is dueto
thefactthattheFiedlervectordoesnotgiveaclearcutvalue(cf. Figure14). Also noticethat
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Figure14: TheFiedlervectorfor theexamplein Figure13.
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Figure15: Grayscaleimagepartitioning. (a) Input image( üL�0>wüL� pixels)aspartof a larger
image( k�b ¦ _�ÞLu�u § ). (b),(c) Segmentationcomputedwith convex optimization:Thehandis
clearlyseparatedfrom theball. (d),(e) Solutioncomputedwith theFiedlervector: No clear
separationis obtainedby medianthresholding.Thresholdingat0 justseparatesonepixel from
therestof theimage.

the randomizedhyperplanetechniquedoesnot give an exactly balancedcut: The two parts
contain78 and82 points,respectively. But asthis correspondsto thevisual impression,this
is nodrawback.

Grayscaleimages.To studythepartitioningof grayscaleimages,we createdtheneigh-
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Figure16: Color imagepartitioning,usingmethod(i). (a) Input image( Þ�� ¦ >?g ¨ g pixels),
yielding209clusters( kvb ¦ _XÞ�uLu § ). (b),(c)Segmentationcomputedwith convex optimization:
Similar colorsaregroupedtogether. (d),(e) Segmentationcomputedwith theFiedlervector
thresholdedat the median. Thresholdingat 0 just separatesonepixel from the rest of the
image.

borhoodgraph. whichcontainsaverticefor eachpixel,andcalculatedthesimilarity weights8�/Q�]3P� 6 for adjacentpixelsasin (22),with }#/Q�]3P� 6 denotingthegray-valuedifferenceof pixels� and � . Theremainingsimilarity weightswerecomputedusingmethod(ii) to favor spatially
coherentstructures.Applying theconvex relaxationfor ¼@b f thenyieldsa segmentationof
the imageinto two partsof nearlythesamesize. The resultfor onesampleimageis shown
in Figure15. Here, the Fiedlervectoronly yields an unsatisfactorysegmentation,whereas
the convex relaxationapproachclearly separatesthe handfrom the ball, giving two groups
containing647and649pixels,respectively.

Color images. For larger images,we first computedan oversegmentationby applying
the meanshift technique[13] at a fine spatialscalein ordernot to destroy any perceptually
significantstructure. Insteadof thousandsof pixels, the graphverticesare thenformedby
the obtainedclusters,and }	/R�W3P� 6 is computedasthe color differenceof two clustersin the
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(a) (b)

(c) (d)

Figure17: Colorimagepartitioningfor theimagefrom Figure16(a),usingmethod(ii). (a),(b)
Segmentationcomputedwith convex optimization:Spatiallycoherentstructuresarefavored.
(c),(d) Segmentationcomputedwith the Fiedler vector thresholdedat the median: The re-
quirementthatbothpartshave thesamesizeinfluencestheresultnegatively.

perceptuallyuniform
��� 1 space.We appliedbothmethods(i) and(ii) for the color image

shown in Figure16(a).Theresultsapprove thewide rangeof applicabilityandthesuccessof
thesemidefiniterelaxationapproach:Whereasthesimilarity measurefrom method(i) groups
togetherpixelsof similar colors(seeFigure16(b),(c)),method(ii) yieldsa segmentationinto
two reasonable,spatiallycoherentparts(seeFigure17(a),(b)).For this example,the results
obtainedby thresholdingtheFiedlervectorat its medianvaluearealsoquitereasonable(see
Figures16(d),(e)and16(c),(d)),but acrucialpoint is thatthethresholdvaluedoesnotemerge
naturally: Looking at the Fiedler vector in more detail shows that basicallyone cluster is
separatedfrom therestof theimage,asonly oneentryhasalargepositivevaluewhile mostof
theotherscontainsmallnegativevalues.Noticeoncemorethaton theotherhand,no choice
of a thresholdvalueis necessaryfor thesemidefiniterelaxationapproach!

Choice of ¼ . So far, the sizeof the clustershadno influenceon the similarity weights.
This may yield unsatisfactoryseparationresults.Figure18 givesan example: Herethe sky
accountsfor nearlyhalf of the image(approx. 44%), but the oversegmentationputsall of
its pixels into onecluster. As for ¼¹b f , all clustersareof the sameimportanceno matter
how largethey are,thesemidefiniterelaxationapproachsegmentstheimageinto two partsby
cutting thecity, which containsmany small clusters(seeFigure18(b),(c)). To derive a seg-
mentationwhich takesinto accountthedifferentsizesof theclusters,thebalancingconstraint
canbe changedin the following way: Calculatethe numberof pixels �àI containedin each
cluster� andset ¼(b�� insteadof ¼(b f . Thuswenow searchfor asegmentationwhich parti-
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Figure18: Color imagepartitioning.(a) Input image( u gjÞ�> ¨ ® ¨ pixels),yielding408clusters
( kÉb ¦ _�ÞLuLu § ). (b),(c) Segmentationcomputedwith convex optimization,with ¼¯b f : The
imageis cut in two coherentparts.(d),(e)Segmentationcomputedwith convex optimization,
with ¼�I equalto thenumberof pixelsin cluster� : Thelargestclusteris separatedfrom therest
of theimage.
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(a) (b)

Figure19: Segmentationcomputedwith theFiedlervectorthresholdedat themedianfor the
imagefrom Figure18(a):Separationinto spatiallycoherentpartsfails completely.

tionstheimagein two coherentpartswith eachcontainingapproximatelythesamenumberof
pixelsinsteadof thesamenumberof clusters.Theresultshown in Figure18(d),(e)approves
the validity of this approach:Now the sky is separatedfrom the rest of the image,giving
a segmentationin accordanceto our balancingconstraint.Notice that for this example,the
Fiedlervectorfails completelyto giveameaningfulseparation(seeFigure19): Thresholding
atthemedianvalueyieldsnocoherentsegmentation,whereasthresholdingat0 only separated
3 clustersfrom thecity from therestof theimage.

Texture. Thefinal experimentfor binarypartitioningdealswith grayscaleimagescom-
prising somenaturaltextures. An exampleis shown in Figure 20(a). To derive a texture
measurefor this image,we subdivided it into Þ ¨ >�Þ ¨ pixel windows, andcalculatedlocal
histogramsfor two texturefeatureswithin thesewindows. Eachwindow thencorrespondsto
a graphvertex, and }	/R�W3P� 6 is computedasthe � § -distanceof the histogramsfor all window
pairs /R�W3P� 6 , thususingmethod(i). Consideringthe simplicity of this texture measure,the
segmentationresultobtainedin thisway is excellent(seeFigure20(b),(c)).In orderto yield a
satisfactoryresult,theFiedlervectorhasto bethresholdedat 0 for this example.Themedian
thresholddoesnotmakesensehere,astheimagedoesnotcontaintwo partsof thesamesize.
Againwenotethat,in theunsupervisedcase,this is not known beforehand.

4.2.3 PerceptualGrouping and Figure-Ground Discrimination

Figure21depictstheresultcomputedbyminimizing(9) usingtheconvex relaxationapproach.
As inputdataweusedaline-finderdevelopedby thegroupof Prof.Förstner[21]. Figure21(b)
shows a few hundredline-fragmentscomputedfor the scenedepictedin (a). As similarity
measure8�/Q�]3P� 6 betweentwo primitives(line-fragments)� and � we usedthe relative angle
betweentheseprimitives.Correspondingly, asthegraphof 8 showsin Figure21(c),two lines
aresimilar if thererelative angleis closeto a multiple of ( Û�Þ . We refer to [34] for more
elaboratesimilarity measureswhich,however, arenotessentialfor testingour approachfrom
theoptimizationpoint of view.
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(a)

(b) (c)

(d) (e)

Figure20: Grayscale-texturepartitioning. (a) Input image(
/ Þ�®à> ¨ u�� pixels),yielding 570

verticesof Þ ¨ >?Þ ¨ -pixel windows ( kBb g ), similarity weightscomputedwith method(i).
(b),(c) Segmentationcomputedwith convex optimization. (d),(e) Segmentationcomputed
with theFiedlervector, usingthethresholdvalue0.
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Figure21: Perceptualgrouping.(a) Sectionof anoffice tableshown from thetop. (b) Output
of a line finder. (c) Thesimilarity measure8�/Q�]3P� 6 asa functionof theanglebetweentwo line
fragments.Two fragmentsaremostsimilar if they are(nearly)orthogonalto eachother. Sev-
eralcoherentgroupsof differentcardinalityexist in (b). (d) Theminimizerof (9) determines
the“most coherent”groupof line fragmentsandsuppressestheothergroups.

We note that several groupsexist in Figure 21(b) which are coherentaccordingto the
similarity measure8 . Theminimizerof (9) shown in Figure21(d)determinesthekeyboard
asthe“most coherent”group,asexpectedfrom avisualinspectionof thescene.

4.2.4 Restoration

In Section4.1,wealreadypresentedtheresultsof theconvex relaxationapproachwith respect
to the restorationof noisyone-dimensionalsignals.Theresultconcerningthe restorationof
a two-dimensionalreal imageis shown in Figure22. Consideringthat the desiredobjectto
berestoredcomprisesstructuresatbothlargeandsmallspatialscales,therestorationresultis
fairly good.
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(a) (b) (c)

Figure22: Restoration.(a) Binary noisy original image(mapof Iceland). (b) Suboptimal
solutioncomputedby convex optimizationwith

� bÝÞ�iÕ® . (c) Originalbeforeaddingnoise.

4.3 Discussion

Combinatorial optimization. The experimentalresultsdemonstratethat our approachis a
versatiletool for solving a broadrangeof difficult combinatorialproblemsin a convenient
way. For example,the usercanfocuson how to choosea constraintvectorappropriatefor
theapplicationhe is interestedin, ratherthanto worry aboutheuristicsandtechnicaldetails
in orderto avoid badlocal minima. Acrossseveral differentapplicationfields we obtained
meaningfulsolutionsaccordingto thecriterionwhichwasoptimized.Theoptimizationprob-
lem (9) suggestedby HeraultandHoraud[34], for instance,is a usefulsaliency measurefor
perceptualgroupingbut hasgainedonly a mixed reputationin the literature[63] dueto the
combinatorialcomplexity involved.Our approachconsiderablymitigatesthis latterproblem.

Convex vs. spectral relaxation. We have shown in Section3.5 that convex relaxation
alwaysprovidesa tighter relaxationof theunderlyingcombinatorialproblemin comparison
to spectralrelaxation.In fact,this improvementoftencanbemadeexplicit by representingthe
convex optimumassolutionto aneigenvalueoptimizationproblemin termsof themultiplier
variables.5 In many casesthis theoreticalresultalsoturnedout to besignificantin practice:
Spectralrelaxationmay yield a solutionwhich doesn’t make sensein respectof the chosen
optimizationcriterion.Furthermore,spectralrelaxationhasadecisivedisadvantagein thecase
of unsupervisedclassification.Thesuitabilityof thecriterionfor thresholdingtheeigenvector
oftendependson theparticulardatabeingprocessed.

Again we note(cf. Section2.1) thatalternative improvementsof spectralrelaxationtech-
niquesexist [58, 62]. Concerningthenormalizedcutcriterion(3), wesupposethatthechoice
of a differentconstraintvector improvesthe classicalspectralapproachof Fiedler. In this
respect,we have considerablygeneralizedtheapproachby takinginto accountarbitrarycon-
straintvectors.Theeffect of normalizingtheLaplacianmatrix in (3) on the tightnessof the
relaxationandthethresholdingproblemaredifficult to analyzeandleft asanopenproblem.
For very recentwork basedon thenormalizedcut criterionwe referto [45].

5Fromthecomputationalviewpoint, this representationis lessconvenientthanthe underlyingconvex opti-
mizationproblem,however.
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Image u time (in sec.)
1D signal(Fig. 7) 256 3
spiral(Fig. 12) 256 30
point set(Fig. 13) 160 10
hand/ball(Fig. 15) 1296 7745
color image(Fig. 16),method(i) 209 12
color image(Fig. 17),method(ii) 209 12
color image(Fig. 18(b),(c)), ¼(b f 408 142
color image(Fig. 18(d),(e)),¼(b<� 408 165
textureimage(Fig. 20) 570 569
keyboard(Fig. 21) 466 184
iceland(Fig. 22) 8113 64885

Table1: Sizesandcomputationtimesfor thedifferentproblemsconsideredin this paper.

Computational complexity. Thepricefor theconvenientpropertiesof our optimization
approachlistedin Section1.1is thesquarednumberof variablesof thesemidefiniterelaxation.
Althoughtheapproachof Bensonet al. [4] is ableto exploit a sparseproblemstructurevery
well, the computationtime quickly grows with the numberof variablessuchthat problems
with tenthousandsof variablescannotbesolved.While thisis notaproblemfor theperceptual
groupingof acoupleof hundredprimitives,it preventsatpresenttheapplicationto large-scale
problemslike, for instance,combinatorialimagerestoration(cf. Table1).

An interestingtheoreticalresultin this context concernsboundswhich havebeenderived
for themaximalrank � of a matrix o solvinga semidefiniteprogram[3, 49]. Applying this
resultto theprogram(14),weobtaintheboundgÞ ��/�� + gj6F�nu + g 3
hence� t Z Þ�u for large u . This meansthat in principle the large numberof u § problem
variablescanbereducedbysettingu - � rowsof thematrix 1 in thedecompositiono be1@kÙ1
to zero(cf. Section3.3).Thefuturewill show whetheralgorithmswill comeupwhichexploit
this propertyalongwith aconsiderablesaving of memoryandspeed-upof computation.

5 Conclusionand Further Work

We workedout a semidefiniteprogrammingframework applicableto a broadclassof binary
combinatorialoptimizationproblemsin computervision. In our opinion,themajorcontribu-
tion of this work is to put into perspective a fairly generalandnovel optimizationtechnique
asan attractive alternative to establishedtechniques,dueto soundunderlyingmathematical
principlesandtheabsenceof tuningparameters.
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So far, the focusof our work wasprimarily on mathematicaloptimization: Convex re-
laxation,existenceof feasibleconstraints/solutions,andperformancebounds.Although we
demonstratedtheapplicabilityof theapproachfor threedifferentnon-trivial problems,wedid
notspendmuchtimeonworkingouttailor-madesimilarity measuresfor specificapplications.
Accordingly, in futurework, our focuswill shift to therelatedandgeneralproblemof learn-
ing suitablemetricsfor classification.Furthermore,wewill investigatethecaseof non-binary
classificationandmoreintricateconstraintssuchasthoseof relationalgraphmatching.
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[23] B. Fischer, T. Zöller, andJ.M.Buhmann.Pathbasedpairwisedataclusteringwith appli-
cationto texturesegmentation.In M. Figueiredo,J.Zerubia,andA.K. Jain,editors,En-
ergy MinimizationMethodsin ComputerVision andPatternRecognition, volume2134
of Lect.Not.Comp.Sci., pages235–250,Berlin, 2001.Springer.

38



[24] D.A. Forsythe,J. Haddon,andS. Ioffe. The joy of sampling. Int. J. of Comp.Vision,
41(1/2):109–134,2001.

[25] A. FriezeandM. Jerrum. Improvedapproximationalgorithmsfor maxk-cut andmax
bisection.Algorithmica, 18:67–81,1997.

[26] K. Fukunaga.Introductionto StatisticalPatternRecognition. AcademicPress,1990.

[27] Y. Gdalyahu,D. Weinshall,andM. Werman. Self-organizationin vision: Stochastic
clusteringfor imagesegmentation,perceptualgrouping,andimagedatabaseorganiza-
tion. IEEETrans.Patt. Anal.Mach. Intell., 23(10):1053–1074,2001.

[28] D. GeigerandF. Girosi. Parallel anddeterministicalgorithmsfrom mrf’s: Surfacere-
construction.IEEE Trans.Patt. Anal.Mach. Intell., 13(5):401–412,1991.

[29] D. Geman.Randomfieldsandinverseproblemsin imaging. In P.L. Hennequin,editor,
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